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Direct numerical simulations for fully developed channel flow, subjected to oscillatory
spanwise wall motion, have been performed and analysed in an effort to illuminate
the fundamental mechanisms responsible for the reduction in turbulent friction drag,
observed to result from the spanwise wall motion. A range of statistical data
are discussed, including second-moment budgets, joint-probability-density functions,
enstrophy and energy-spectra maps. Structural features are also investigated by
reference to the response of streak properties to the oscillatory forcing. The unsteady
cross-flow straining is shown to cause major spanwise distortions in the streak near-
wall structures, leading to a pronounced reduction in the wall-normal momentum
exchange in the viscous sublayer, hence disrupting the turbulence contribution to the
wall shear stress. The response of the streaks, in terms of their periodic reorientation
in wall-parallel planes, the decline and recovery of their intensity during the cyclic
actuation, and their wall-normal coherence, is shown to be closely correlated with the
temporal variation of the shear-strain vector. Furthermore, a modulating ‘top-to-bottom’
effect, associated with large-scale outer-layer structures, is highlighted and deemed
responsible for the observed reduction in the actuation efficiency as the Reynolds
number is increased.
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1. Introduction
Interest in methods that suppress near-wall turbulence in boundary layers is driven
by pressure to reduce friction drag on immersed streamlined bodies and head losses in
ducts and pipes. There is a broad consensus that this suppression requires a disruption
and weakening of the quasi-organized wall-normal motions that are associated with
quasi-streamwise vortices and thus are ultimately responsible for the formation of
alternately high-speed and low-speed streaks in the viscosity-affected near-wall layer.
It is this correlation between the wall-normal and streamwise-velocity fluctuations that
gives rise to turbulent shear stress.
It is well established, based on two-point-correlation data, that the length of the
streaks in fully established channel flow or a canonical boundary layer is of the order
of 103 wall units (Kreplin & Eckelmann 1979), and that the streaks are separated by a
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distance of the order of 102 wall units (Schraub & Kline 1965; Kline et al. 1967; Kim,
Kline & Reynolds 1971). There is no complete agreement, however, on the precise
mechanisms responsible for the formation and sustenance of these quasi-organized
structures. Conventional paradigms, mostly derived from low-Reynolds-number direct
numerical simulation (DNS) results, focus on the quasi-streamwise vortices as being
the primary dynamical structures responsible for streak formation and turbulence
generation (Kravchenko, Choi & Moin 1993; Jimenez & Pinelli 1999), and these
are interpreted by some as being the tails of hairpin vortices (Zhou et al. 1999; Adrian,
Meinhart & Tomkins 2000). Several conceptual models describe a ‘regeneration’ or
‘autonomous’ cycle (Hamilton, Kim & Waleffe 1995; Panton 1997; Waleffe & Kim
1997; Jimenez & Pinelli 1999; Schoppa & Hussain 2002; Kim 2011), wherein new
vortical structures are generated by low-speed-streak instability, nonlinear amplification
and breakdown, with the new vortical structures regenerating new streaks. In contrast,
recent linear analyses (Chernyshenko & Baig 2005; Lockerby, Carpenter & Davies
2005) do not rely directly on the action of vortices, and suggest that the streaks
arise from the amplification of wall-normal velocity or vorticity perturbations, with
the optimal (maximum-amplification) state characterized by streaks that are separated
by distances comparable to those derived from DNS, i.e. of the order of 102 wall
units, although the analysis suggests a significant variation in the inter-streak distance
with the distance from the wall. At elevated Reynolds numbers, the above near-wall
interactions are further complicated by the increasingly important role played by a
separate set of ‘super-streaks’ in the outer (log-law) region of the boundary layer,
which manifest themselves as skin-friction footprints, and which are also observed,
experimentally, to interact with, or ‘modulate’, the near-wall streaks in the viscosity-
affected layer (Marusic, Mathis & Hutchins 2010; Hutchins et al. 2011). An important
implication of these ‘top-down’ mechanisms is that a wall-based control strategy
directed at suppressing near-wall turbulence may be less effective as the Reynolds
number increases. Indeed, this is suggested by the DNS of Ricco & Quadrio (2008)
at Reτ = 400, the present study at Reτ = 500 and recent large-eddy simulation (LES)
results reported by Touber & Leschziner (2011) at Reτ = 1000.
Except for very low values of the Reynolds number (typically Reτ = 150 in a
channel), at which the near-wall turbulence is barely sustained, targeting individual
streaks, vortices or wall-normal fluctuations, say, with closed-loop control inducing
local surface deformations or blowing and suction (Choi, Moin & Kim 1994; Lee et al.
1997; Rathnasingham & Breuer 1997; Kang & Choi 2000; Yoshino, Suzuki & Kasagi
2003), is not a viable proposition. Rather, any practically relevant control strategy
has to be global in nature, encompassing extensive portions of or the whole of the
boundary layer. A demonstrably effective approach is to impose oscillatory in-plane
wall motions, this being either spatially uniform or in the form of waves. In the case
of a conducting fluid, a broadly equivalent alternative is to generate an oscillatory
near-wall layer by Lorentz forcing (e.g. Du, Symeonidis & Karniadakis 2002; Pang &
Choi 2004).
Early observations on the consequences of imposing a pressure-gradient-induced
spanwise near-wall motion on a previously streamwise-aligned boundary layer arise
from experimental studies by Bradshaw & Pontikos (1985), demonstrating a drop in
shear stress and skin friction due to rising three-dimensional skewing. Related physical
scenarios, involving either three-dimensional boundary layers or channel flow, were
studied experimentally by Driver & Hebbar (1987), Eaton (1995) and computationally
by Sendstad & Moin (1992), among others, the last two including discussions of
the effect of strain-induced distortions on the quasi-streamwise vortices associated
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with sweeps and ejections close to the wall. A DNS study by Howard & Sandham
(2000) of a channel flow at Reτ = 180, subjected to a suddenly imposed spanwise,
unidirectional wall motion, shows the decrease in drag to be linked, statistically, to the
damping of turbulence energy and its production near the wall, and demonstrated that
this suppression is maintained for only a short period of time after the forcing starts,
while the flow is subjected to strong unsteady skewing. This study also examines the
effect of the spanwise motion on the structural properties of streamwise eddies and
the streaks, highlighting in particular, the fact that the skewing motion results in a
weakening and flattening of the quasi-streamwise vortices.
The realization that a steady-state reduction in drag is conditional on unsteady
transverse straining within a thin near-wall layer led Jung, Mangiavacchi & Akhavan
(1992) to explore, by means of DNS, the benefits of oscillatory spanwise wall motion,
thus preventing it from progressively thickening beyond a particular height, dictated
by the parameters of the actuation (the frequency of oscillation, in particular). This
study, for a channel flow at Reτ = 200, was the first to reveal the sensitive dependence
of the magnitude of drag decrease on the oscillation frequency, and to demonstrate
that an oscillation period T+ ≡ Tu2τ/ν of the order of 102 leads to a strong decline
in the level of the Reynolds stresses and the strength of the near-wall streak, the
convergence to the reduced-drag state occurring within four oscillation periods. In a
related study, Akhavan, Jung & Mangiavacchi (1993) first discuss the interaction of the
spanwise forcing with the near-wall quasi-streamwise vortices and low-speed streaks,
highlighting the disruption of the regeneration process by weakening the wall-normal
fluctuations, arguments supported by the later experimental study of Laadhari, Skandaji
& Morel (1994) for a canonical boundary layer. The latter investigation also shows
that the spanwise motion, chosen at the near-optimum forcing frequency T+ = 100,
results in a substantial reduction in the fluctuations contributing to the shear stress, in
qualitative agreement with the earlier channel-flow DNS. Finally, based on weighted
probability density functions (PDFs), Laadhari et al. (1994) conclude that, while both
low-speed and high-speed motions are damped, the reduction is asymmetric, with the
latter being less reduced, due to the increased probability of large sweeping events,
presumably reflecting the relatively greater importance of top-down effects.
Much subsequent work, both experimental and computational, has been undertaken,
especially over the past decade, to investigate a variety of actuation scenarios involving
different types of in-plane wall motion, some combining transverse oscillations with
streamwise travelling waves. Major studies in this area are those of Baron & Quadrio
(1995), Choi, DeBisschop & Clayton (1998), Choi & Graham (1998), Dhanak &
Si (1999), Quadrio & Sibilla (2000), Choi & Clayton (2001), Choi (2002), Choi,
Xu & Sung (2002), Di Cicca et al. (2002), Karniadakis & Choi (2003), Quadrio
& Ricco (2003), Quadrio & Ricco (2004), Quadrio & Ricco (2011), Ricco (2004)
and Quadrio, Ricco & Viotti (2009), the paper by Karniadakis & Choi (2003) being
a major review article. The primary objective of several of the more recent efforts,
especially by Quadrio and co-workers, was to identify optimal actuation scenarios,
principally in terms of overall drag-reduction levels, while others aimed preferentially
to shed light on the underlying near-wall dynamics and kinematics responsible for the
observed drag reduction. A common aspect of almost all computational studies is the
low Reynolds number of the flows examined. With very few exceptions, such as the
works of Choi & Graham (1998), Quadrio & Sibilla (2000) and Choi et al. (2002)
on pipe flow subjected to azimuthal wall oscillations and the simulations of Ricco &
Quadrio (2008) for channel flow at Reτ = 400, computational investigations focused on
channel flow at Reτ = 200 or less, while experimental efforts examined the response
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of canonical boundary layers to streamwise-uniform spanwise oscillations, typically at
Reτ of the order of 600, corresponding to a momentum-thickness Reynolds number
of the order of 1400. This sharp division in preferences for one geometry relative to
the other is rooted in the much greater ease with which a channel flow can be set up
computationally, while a boundary layer is a much simpler option in an experimental
setting. Although this difference might appear to be of subordinate importance, in
an environment in which the near-wall region is the subject of study, the influence
of outer structures on the near-wall behaviour can be expected to differ. To the best
of the authors’ knowledge, the influence of these structures has not been taken into
consideration or analysed explicitly in the context of drag reduction by spanwise wall
motion.
The investigations of Choi et al. (1998), Di Cicca et al. (2002), Choi (2002),
Choi & Clayton (2001) and Ricco (2004) were all experimental in nature, the first
utilizing particle-image velocimetry, the second a hydrogen-bubble technique and
the last three hot-wire anemometry, and all targeting boundary layers at similar
values of the Reynolds number. Ricco (2004) reports drag-reduction levels of up
to 39 %, at a near-optimum oscillation period in combination with high values of
the wall-velocity amplitude, provides measurements of maximum streak orientation
at various forcing conditions, and presents data that suggest a weakly increasing
inter-streak distance and decreasing streak length with decreasing drag. Di Cicca et al.
(2002) show that oscillatory forcing provokes a thickening of the viscous sublayer,
an upward shift of the log-law, and a significant reduction in the streamwise and
wall-normal turbulence intensities, associated with a reduction in turbulence-energy
production. Based on conditionally sampled statistics, Di Cicca et al. (2002) also
argue, in agreement with Laadhari et al. (1994), that the major contributor to the
turbulence attenuation is the preferential weakening of the low-speed streaks, thus
leading to a disruption of the regeneration process. The experimental work of Choi
& Clayton (2001) and Choi (2002) attempts to explain the drag-reduction mechanism
by considering the interaction of the vortex sheet associated with the Stokes layer
with the quasi-streamwise vortices. Specifically, they develop a conceptual model that
rests on the net generation of negative spanwise vorticity that leads to a reduction in
the mean-velocity gradient at the wall, and hence in the measured 45 % reduction in
wall friction. However, the model is open to doubt, because it appears to be based
on the assumption that the visualized orientation of the streaks is closely linked to
the direction of wall motion, while in reality, it is the direction of the shear-strain
vector that dictates the orientation of the streaks. As a more general point, the question
might be raised whether a focus on the fairly weak vortical structures in the near-wall
region, rather than on the streaks and the wall-normal motions provoking the streaks,
is the most promising route to identifying the pertinent fundamental interactions
between the oscillatory forcing and the near-wall structures. The measurements of
Choi (2002) of the near-wall fluctuations and the drag reduction process led him
further to conclude that the drag-reduction process is driven primarily by a strong
diminution in the intensity and duration of sweep events. While this chimes with
the concept of Ricco (2004) of forcing-induced ‘shielding’ of the wall, Choi’s own
PDF profiles of the streamwise fluctuations very close to the wall indicate, in common
with observations by Laadhari et al. (1994), an increasing predominance, or evidence,
of high-intensity sweeps and large high-speed streamwise fluctuations in the presence
of forcing, contradicting the concept of ‘shielding’ and strengthening the inference that
the outer structures gain in relative influence as the near-wall streaks weaken.
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A rare computational investigation that aims specifically at shedding light on the
interactions between streaks and quasi-streamwise vortices of the type examined
in some of the above experimental studies is that of Choi et al. (2002). One
of several cases considered is a pipe flow at Reτ = 150 subjected to azimuthal
oscillations at T+ = 116 and 174. This study presents plots of phase-averaged data,
sampled conditionally on the quasi-streamwise vortices, together with streamwise-
velocity fluctuations that identify surrounding streaks. As remarked already, the
focus on vortices, rather than streaks, is perhaps open to question, because the
vortices themselves are rather weak and ill-defined, in contrast with the streaks and
associated ejections and sweeps, within which the vorticity is concentrated and high.
Nevertheless, the results reveal that high-speed streaks tend to be swept below their
low-speed counterparts by the wall motion within the first half of the oscillation,
causing the low-speed streaks to be initially lifted, and then to weaken substantially
in the second half of the oscillation. While this does not really explain the root
of the turbulence attenuation process, it does appear to point, yet again, to the link
between the oscillation-induced disruption of the near-wall regeneration process to the
attenuation of the low-speed streaks. A somewhat similar route was taken much later
by Yakeno, Hasegawa & Kasagi (2010), in respect analysing conditionally averaged
vortical structures in the spanwise plane, based on DNS for a channel flow, as an aid
to interpreting a quadrant analysis of shear-stress contributions.
In a series of articles, extending over some 15 years, Quadrio and co-workers
have explored various aspects of wall-motion-induced drag reduction by means of
DNS. Major characteristics of these studies include the focus on low-Reynolds-number
channel flow, at Reτ = 200, the orientation towards maps of gross and net drag-
reduction levels as the principal outcome, and the aim to identify, in a compact
manner based on appropriate scaling, optimum forcing conditions that yield maximum
drag-reduction levels for different forcing conditions. In the earliest work of this
group, Baron & Quadrio (1995) report DNS results for Reτ = 200 and T+ = 100. One
interesting aspect of the study, if only as a matter of historical interest, is that the
simulation was performed with a finite-difference mesh of less than 4× 105 grid points
covering a minimal-channel domain: a resolution that is significantly coarser than
that used in the much earlier study of Jung et al. (1992), and certainly regarded
as coarse by today’s standards. Yet, the simulation yielded an entirely plausible
representation, certainly in broad terms, of the effects of the forcing, and this extends
to the turbulence-intensity components, and even to the budget of the turbulence
energy reported by the authors. In particular, the reduction in drag obtained was 40 %,
which is close to the level predicted with the far finer grids that would be expected
in current simulations. Subsequent studies, increasingly broad in the range of the
actuation parameters investigated, but still focusing on pure spanwise oscillations in
channel flow, are those of Quadrio & Sibilla (2000), Quadrio & Ricco (2003, 2004)
and Ricco & Quadrio (2008). The focus of the study by Quadrio & Ricco (2003)
was the transient response of a channel flow at Reτ = 200 to the sudden imposition
of the spanwise wall motion, with attention devoted primarily to the skin-friction
behaviour. It is noted here, as an aside, that in any study of the transient adjustment
(including that of Howard & Sandham 2000) sampling is restricted to the number
of nodes in any statistically homogeneous plane; hence, the convergence of statistics
(especially budgets) may be incomplete, and this is especially problematic at elevated
Reynolds numbers. Subject to this uncertainty, Quadrio & Ricco (2003) show that
the wall shear stress reaches its equilibrium level within three or four oscillations, in
agreement with observations by Jung et al. (1992), and provide data for the Reynolds
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stresses and production rates of the streamwise and spanwise stresses that indicate a
non-monotonic behaviour of the turbulence reduction during the transient approach to
the equilibrium level. A similar study by Xu & Huang (2005) also examines transient
features of a channel flow, at Reτ = 173, but over only the first two oscillation
periods. Exceptionally, results are included for the pressure–strain contributions of
the budgets for some of the second moment, and their diminution throughout the
transient adjustment is argued to play an important role in the drag-reduction process.
In agreement with the observations by Quadrio & Ricco (2003), Xu & Huang (2005)
demonstrate high production rates of spanwise fluctuations during the transient process,
leading to an intensification of the spanwise intensity during the initial phase following
the onset of the spanwise motion. Importantly, however, Quadrio & Ricco (2003)
observe that the long-term average of the production rate vanishes; this is shown in the
present study not to be the case.
The investigation of Quadrio & Ricco (2004) focuses on the quantification of the
maximum gross as well as net drag reduction (or rather associated power levels) over
a wide range of wall velocity and actuation periods, for channel flow at Reτ = 200,
with the results conveyed in drag-reduction maps. High values of gross drag reduction,
of the order of 35–45 %, are achieved at T+ around 100–150 in conjunction with
high wall velocities, broadly compatible with the experimental measurements of Ricco
(2004), the latter albeit in a canonical boundary layer at higher Reynolds number. A
principal result in the study of Quadrio & Ricco (2004) is the fact that the drag-
reduction levels, arising for actuation periods T+ below 150, collapse on a line in a
plot that relates the drag-reduction level to a parameter S+, first proposed by Choi
et al. (2002) and combining T+, the wall-scaled amplitude of the wall velocity, the
penetration depth of the Stokes layer and the maximum spanwise acceleration at a
particular distance from the wall. For conditions in which T+ significantly exceeds the
optimum value, drag reduction is far lower and possibly even negative. Subsequent
work by Ricco & Quadrio (2008) recasts the data available in the literature in the
form of the drag reduction DR vs S+, and this confirms, subject to a non-negligible
amount of scatter, the applicability of the scaling for low-Reynolds-number values
when T+ < 150. However, Ricco & Quadrio (2008) also show that the drag-reduction
levels at various oscillation periods drop by around 5 % (from a maximum of 32 %
to 27 %) as Reτ increases from 200 to 400, leading to a non-unique DR = f (S+)
correlation and reinforcing the supposition that top-down effects become increasingly
influential as the Reynolds number increases. In their most recent major studies,
Quadrio et al. (2009) and Quadrio & Ricco (2011) turn their attention to forcing with
streamwise waves of spanwise wall motion. Here again, the primary target is to derive
drag-reduction maps, in this case for a range of spanwise-oscillation frequencies and
streamwise wavenumbers at Reτ = 200. The map so derived shows intriguing features,
including the fact that regions of high drag-reduction levels lie on either side of a
narrow inclined band identifying drag increase. Moreover, optimum combinations of
forcing frequency and streamwise wave length are shown to result in maximum gross
drag-reduction levels ∼10 % higher than those that can be achieved purely by uniform
spanwise wall oscillations.
By way of a summary of the present state of the art, it is fair to reiterate, first,
that much of the present knowledge on the influence of purely spanwise-oscillatory
motion derives from flows at low values of the Reynolds number, especially in
the case of computational studies. While there is some evidence (Ricco & Quadrio
2008) that increasing the Reynolds number decreases the drag-reduction effectiveness
of the forcing, little is reported beyond the overall drag-reductions levels, and the
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applicability of other conclusions to higher, practically pertinent values is uncertain.
Connected to this question is the need to understand and quantify the top-down
influence of outer super-streaks on the near-wall physics, an issue that has not
been addressed so far. Second, it is the case that the majority of the studies,
especially computational ones, focus on global aspects of the effects of spanwise
wall oscillation: overall drag reduction, transient adjustment to the long-term state,
the role of the Stokes layer thickness, the sensitivity to operational parameters and
scaling laws. Third, while most studies report at least some statistical information,
including Reynolds stresses and, in some instances, contributions to budgets, the
information is fragmentary, especially in respect of budgets, and there is no clear
view of how the various contributions to the budgets interact, across the entire set
of Reynolds stresses, for the forced flow to end up in an low-drag equilibrium
state. Fourth, while there have clearly been substantive efforts to illuminate the
fundamental mechanisms at play, some by experimental means and others by creative
processing of computational data, the details remain unclear. There is a measure of
agreement on the preferential attenuation of the low-speed streaks and its connection
to the disruption of the regeneration process, while intense sweep events, presumably
originating from beyond the viscous sublayer, prevent the same level of attenuation of
high-speed streamwise fluctuations near the wall. The details of structural mechanisms
underlying the attenuation and disruption are unclear, however. Fifth, phase-averaged
and conditionally averaged data that reveal the behaviour of streaks during the
actuation cycle are very scarce. Images derived from phase-averaged fields, with
sampling being conditional on the quasi-streamwise vortices rather than streaks, give
support to the important role played by the weakening of the low-speed streaks
through their deformation by the oscillatory motion. Finally, visualization experiments
have been used as an aid to a conceptual model that is based on the interaction of the
vorticity in the Stokes layer with the quasi-streamwise vortices, but the validity of the
model is open to question.
It is against the above background that the present DNS-based study has been
undertaken for a channel flow at Reτ = 500, 2.5 times the usual value for which
detailed analyses have been presented. Apart from this point of difference, the study
distinguishes itself from previous work by:
(a) the provision of complete budgets of the Reynolds stresses formed with the
stochastic components, following their derivation from a triple decomposition of
the velocity;
(b) the identification of important interactions within individual budgets and among
budgets for different stresses;
(c) the inclusion of long-term-averaged and phase-averaged joint PDFs to illustrate
the suppression of turbulence in different quadrants;
(d) the inclusion of an analysis that clarifies the level of phase dependence of the flow
field and the skin friction;
(e) the presentation of enstrophy components and associated enstrophy production, so
as to illustrate how the spanwise motion influences the components;
(f ) the identification of the origin of the enhancement of the spanwise stochastic
fluctuations in the presence of spanwise straining by reference to specific
production fragments in the budget equations;
(g) the clarification of the relationship between the streaks and the shear-strain angle;
specifically, the dependence of the streak angle, formation and disruption on the
rate of change of the shear-strain angle;
Near-wall streak modifications by spanwise oscillatory wall motions 157
(h) the presentation of streak-conditional phase-averaged fields that clarify the
response of the streaks to the distortions provoked by the Stokes layer;
(i) the linkage of the statistical analysis to structural properties; and
(j) the identification of the influence of outer structures on the near-wall streaks
and skin friction, including aspects of the former modulating the latter and thus
reducing the drag-reduction effectiveness.
2. Flow conditions and computational realization
The configuration being considered is a fully developed (streamwise-periodic)
channel flow. The principal value of the friction Reynolds number Reτ ≡ uτh/ν is
500, but some results are also presented for the values 200 and 1000, where h is
the channel half height, ν the kinematic viscosity and u2τ ≡ ν du¯/dy|y=0, with u¯ the
mean streamwise velocity. The flow is subjected to spanwise forcing at the periods
T+ = Tu2τ/ν = 100 and 200, where uτ is the value pertaining to the unforced case. The
former value complies with the generally accepted optimum oscillation period, while
the latter has been included in order to bring out the response of some structural
features that are too weakly delineated at T+ = 100, because of the exceptionally
strong suppression of near-wall turbulence.
The imposed spanwise forcing, on both walls, is described by
W(t)=Wm sin
[
2pit
T
]
. (2.1)
Based on the unforced friction velocity, the wall-velocity amplitude is W+m =
Wm/uτ = 12, where uτ is, here again, the value for the unforced flow. The above
values for T+ and W+m , when processed in conjunction with data derived from the
Stokes layer, as explained in Choi et al. (2002) and Quadrio & Ricco (2004), yield
S+ = 0.29 and 0.28 for T+ = 100 and 200, respectively. When forcing is introduced,
the bulk Reynolds number is held at a constant level relative to the corresponding
unforced flow. Hence, the friction Reynolds number changes (reduces) in the presence
of forcing. Throughout this paper, T+,W+m and S
+ are normalized by the friction
velocity of the unforced case. In all other cases, such a normalization is identified
by the subscript or superscript ‘nominal’. The absence of this qualifier indicates that
normalization is based on the actual friction velocity.
The grid used to achieve the requisite resolution comprised 384 × 256 × 384
cells, covering a channel section of 4pih × 2h × 2pih. The cell distances, scaled with
the unforced friction velocity, were 1x+,1y+min/max,1z+ = 17, 0.7–6.2, 8.3. Using the
stochastic dissipation rate of the turbulence energy, derived as part of the second-
moment budgets (see § 7), allows the Kolmogorov length scale, and thus the ratio
of cell size to this length scale, to be determined. With the cell size taken as
[1x×1y×1z]1/3, the ratio varies between four at the wall to two close to the
channel centre. This level of resolution is very similar to that adopted in other
DNS studies for which grid-resolution details are reported. For example, Quadrio
& Ricco (2003) have used the cell dimensions 1x+,1y+min/max,1z+ = 16, 0.8–5.4, 6.5.
The turbulence-energy budget obtained herein for the unforced flow at Reτ = 500 was
found to compare closely with that reported by Moser, Kim & Mansour (1999).
A few further operational conditions, at Reτ = 200 and 1000, have also been
examined as part of the present study. Results for Reτ = 200 are only included
in a few instances: first, to verify agreement with previous data underpinning the
correlation DR = f (S+) from Quadrio & Ricco (2004), where DR denotes the relative
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drag reduction and, second, to support the discussion of certain statistical properties
for Reτ = 500. Results for the highest value have been obtained from wall-resolved
LES, using a grid resolution of 1x+,1y+min,1z+ = 40, 1.3, 20 and employing a
dynamic version of the Smagorinsky subgrid-scale model, and these are only included
in respect of the overall drag-reduction levels, in order to support observations derived
from lower-Reynolds-number values on the dependence of the drag reduction on the
Reynolds number. The equivalent values of the bulk Reynolds number (Rebulk), based
on mean velocity (Ubulk) and channel half-height (h), are 3150, 9000 and 20 000,
respectively. The use of LES arguably poses a question mark against the accuracy
of the data. However, a drag-reduction result now available from a fully resolving
DNS for T+ = 100, with 1056 × 528 × 1056 (589 million) cells and mesh resolution
1x+,1y+min/max,1z+ = 12, 0.4–7, 6, is within 5 % of the drag-reduction margin (28 %
for the LES and 29 % for the DNS at T+ = 100) predicted by the corresponding LES.
It may be argued, therefore, that the LES data give a credible first-order indication on
the practically-important issue of the likely deterioration of the forcing effectiveness as
the Reynolds number increases.
All simulations contributing to the present study have been performed with a
variant of the general non-orthogonal-grid, block-structured, finite-volume method
based on a fully co-located storage and realized in the in-house code STREAM-
LES for incompressible flows (Temmerman et al. 2003). The algorithm advances
the velocity field in time by means of a fractional-step method incorporating fourth-
order approximations for the fluxes and a third-order Gear-like scheme documented
in Fishpool & Leschziner (2009), the last shown to possess advantageous stability
and accuracy properties, relative to a corresponding second-order time-advancement
scheme. Zero divergence is secured by solving the pressure–Poisson equation, with
second-order accuracy, combining the application of an implicit successive line over-
relaxation (SLOR) method with a multigrid scheme. Pressure–velocity decoupling,
arising from the fully collocated storage of the velocity and pressure, is counteracted
by employing the, so-called, Rhie & Chow (1983) interpolation scheme. Fishpool &
Leschziner (2009) demonstrate that the loss of energy due to artificial dissipation
arising from the Rhie & Chow interpolation is low. The code is fully parallelized
using MPI, with predetermined grid blocks or subdomains assigned to individual
processors. Typically, each simulation for Reτ = 500 required ∼4000 CPU hours,
distributed across 64 processors, on an in-house SGI Altix ICE 8200 EX cluster.
3. Global properties
A global view of the effects of the forcing on the skin friction is conveyed by
table 1 and figure 1. In the latter, the drag-reduction correlation proposed by Choi
et al. (2002) and examined extensively by Quadrio & Ricco (2004) for low-Reynolds-
number flows forced at T+ < 150 is identified by ‘QR2004’. The results included for
Reτ = 200 illustrate that the present simulations yield, for close-to-optimum forcing,
drag-reduction levels that are entirely compatible with previous data. As is seen from
table 1, increasing the forcing period quickly leads to a steep decline in effectiveness
and this is reflected by the corresponding data points (open circles) lying well below
the QR2004 line. At Reτ = 500, there is a decline by ∼18 % in the maximum drag-
reduction margin, relative to Reτ = 200. This is broadly in line with a decline of
around 15 % reported by Ricco & Quadrio (2008) when Reτ is increased from 200 to
400. Results derived from the wall-resolved LES for Reτ = 1000 (see § 2) indicate a
further deterioration, by ∼40 %. The shaded band around the best-fit line of the LES
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FIGURE 1. Correlation between the composite parameter S+ and the level of drag reduction.
The line labelled ‘QR2004’ corresponds to the best-fit line (%DR = 131S+ − 2.7) taken
from Quadrio & Ricco (2004). Data for Reτ = 1000 are derived from LES, with one DNS
exception. The shaded area corresponds to a ±5 % error in the maximum drag-reduction
margin at Reτ = 1000, T+ = 100, suggested by the difference between the LES and DNS at
these conditions.
Nominal Reτ 200a 500b
T+ 50 100 200 400 1000 100 200
Drag reduction (%) 31.4 38.5 32.4 9.5 −6.3 31.7 24.6
TABLE 1. Gross drag-reduction levels from the DNS. a Actual values is 197 when
unforced. b Actual values is 509 when unforced.
data points represents a ±5 % error margin, reflecting the difference between the LES
and DNS results for Reτ = 1000 and T+ = 100, as explained in § 2. The decline in
the effectiveness of the forcing at the higher Reynolds number points to a diminishing
influence of the processes in the viscous sublayer on the drag, and to an increasing
impact of larger-scale sweeping events originating in the outer log-law region, as
suggested by Laadhari et al. (1994). A fit to the present drag-reduction data, including
that at Reτ = 1000, allows the tentative proposal to be made that the drag-reduction
margin achieved under similar S+ values declines roughly as Re−0.2τ . This is broadly in
line with a suggestion made by Choi et al. (2002), albeit one based on simulations at
Reτ of 400 and lower. Extrapolated to cruise-flight Reynolds numbers, Reτ of the order
of 105–106 (with all of the risks of doing so acknowledged), this suggests a gross
drag-reduction level of the order of 7–10 %.
The effect of the forcing on the streamwise-velocity profile, scaled with the actual
as well as nominal (unforced) friction velocity, is conveyed by figure 2 at the close-to-
optimum forcing period T+ = 100. Again, purely by way of contrast to the conditions
at lower Reynolds numbers on which most earlier studies focus, the corresponding
profiles at Reτ = 200 are also included. In both cases, but clearly less so for the higher
Reynolds number, the forcing results in a significant thickening of the viscous sublayer
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FIGURE 2. Mean streamwise-velocity profiles for the close-to-optimum forcing period for
both Reτ = 200 and 500. Profiles are scaled with both the nominal and actual friction velocity:
(a) Reτ = 200; (b) Reτ = 500.
and a shortening and elevation of the log-law portion. Scaling by the nominal friction
velocity brings out the fact that the major impact of the forcing is to significantly
lower the velocity in the viscous layer, while the effect in the log-law portion is a very
slight elevation. The overall effect of the forcing is thus to drive the flow towards the
laminar state, a behaviour that is also observed to arise from a strong acceleration in
a sink flow (Spalart 1986), in which the streaky near-wall structure is also observed to
be damped.
4. The stochastic field and its phase variations
In any turbulent flow subjected to periodic excitation, the time-averaged fields
agglomerate contributions that arise from periodic and stochastic motions. Thus, in
order to investigate and understand the influence of the forcing on the turbulence field,
it is necessary to separate carefully these two contributions. This is especially pertinent
to the spanwise direction in which the Stokes layers creates very large oscillatory
motions, and in which, in particular, the Stokes dissipation is much larger than the
stochastic component.
The determination of the stochastic field requires the introduction of a triple
decomposition of any flow property, say a:
a= a¯+ a˜+ a′′︸ ︷︷ ︸
a′
, (4.1)
where a¯ is the time-averaged value of a, a˜ the difference between the ensemble-
average of a at a given forcing phase (defined based on the forcing signal (2.1))
and the time-averaged value, and a′′ the stochastic (turbulent) contribution. The total
fluctuation is denoted a′ and includes both the phase and stochastic fluctuations.
An important (and perhaps somewhat counterintuitive) aspect of the interaction
between the forcing and the flow is the low-level phasewise variations of the velocity
field and turbulence properties in the streamwise direction. Linked to this is the
fact that the phase-averaged spanwise velocity differs little from the laminar solution.
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Appendix A demonstrates that, in the present case of a channel flow, the phase-
averaged velocity fluctuations follow from
∂ u˜
∂t
= 1
Re
∂2u˜
∂y2
+ ∂
∂y
[u′′v′′ − 〈u′′v′′〉], (4.2a)
v˜ = 0, (4.2b)
∂w˜
∂t
= 1
Re
∂2w˜
∂y2
+ ∂
∂y
[w′′v′′ − 〈w′′v′′〉], (4.2c)
where the notation 〈·〉 denotes phase-averaged quantities.
The right-most terms in the brackets in (4.2a) and (4.2c) invoke a modulation
of the stress-tensor components v′′–u′′ and v′′–w′′ by the periodic forcing. It is
shown in appendix A that, if this modulation is of the order of ε, the condition
εW+m (Re2τ/Re2bulk)/
√
T+ must be satisfied for the Stokes motion to remain close to
the laminar solution. This condition implies that, for sufficiently short forcing periods,
the phase-averaged spanwise-velocity fluctuations can be considered equal to their
laminar counterparts. This is illustrated in figure 3. For Reτ = 200 and W+m = 12, the
DNS data give ε ∼ 10−5 and ε ∼ 10−4, for T+ = 100 and T+ = 400, respectively,
while the constraint in (A 12) requires ε to be significantly smaller than 10−3. It is
not surprising, therefore, that a good match is obtained between the DNS and the
laminar solution, as is demonstrated in figure 3 for T+ = 100, while departures are
only noticeable when T+ is substantially larger than the optimum value, in which case
the Stokes layer extends well beyond the viscous sublayer.
An important consequence of the above is that the stochastic streamwise fluctuations
are very close to the respective total fluctuations, while there is no such difference at
all in the case of the wall-normal fluctuations. Moreover, any extra stress-production
terms associated with phase-averaged strains are very small, with exception of the
production of the spanwise normal stress, as will be demonstrated later by reference to
second-moment budgets.
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and spanwise-averaged skin friction; (b) phase-averaged PDF (T+ = 100).
Support for the above statements is given by figure 4. First, figure 4(a) shows
timewise variations of the drag, relative to the time-mean level in the unforced flow,
over a period of 2 × 103 viscous time units, following an initial settling-down period
of 103 units, the time-mean drag being attained, approximately, after three to five
actuation cycles. At each instant in time, the drag is derived by averaging the local
values in the streamwise and spanwise directions: a sample of 147 456 data points.
The figure confirms the weak phase dependence of the drag: less than ±1 % of
the drag reduction at T+ = 100 and ±2 % at T+ = 200. The relatively long-time-
scale undulations are due to the effects of large-scale structures in the outer flow.
Their presence in figure 4(a) reflects the fact that the computational domain only
accommodates a few of these structures, so that integration across the wall does
not allow a converged (constant) level to be attained. A similar behaviour has been
observed and recorded by others (for example Du et al. 2002; Quadrio & Ricco 2003),
with no clear interpretation being given. As we show later, the passage of large outer
scales provokes significant skin-friction footprints, and the behaviour shown here may
well be a consequence of this physical process. An associated computational issue
that may play a role is the streamwise recycling of structures due to the imposition
of streamwise periodicity. Although the streamwise domain is around 6 × 103 wall
units long, it is possible that large-scale structures, which can be significantly longer
than 103 wall units, do not fully decorrelate and are then recycled. Second, figure 4(b)
shows joint PDF contours for the stochastic fluctuations for the unforced flow and
the case T+ = 100. The outermost contours for both cases correspond to a 10 %
probability level. For the forced case, the shaded band around the contours (blue solid
lines) indicates the PDF phasewise variations. Thus, not only does the drag vary little
with phase, but so are the turbulence properties normal to the spanwise direction.
Physical implications of plots of time-averaged PDF contours are discussed in § 5.
At T+ = 400 (see figure 3b), the Stokes layer extends well into the buffer region and
beyond, and the drag reduction drops to below 10 %. The phase-averaged fluctuations
in the streamwise velocity, while larger than at T+ = 100, are only of the order of 1 %
of the bulk velocity (not shown here). The observation that the increasing intrusion
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of the Stokes layer into the turbulent region leads to a substantial degradation in the
drag reduction, as T+ increases well beyond the optimal period and the spanwise shear
strain declines, is important and points clearly to properties of the Stokes layer that are
critical to the effectiveness of the forcing.
5. The second moments
Profiles of stochastic second moments, plotted in terms of outer as well as inner
scaling, are shown in figures 5 and 6. The inclusion of both scaling options is
deliberate and rooted in the wish to convey, on the one hand, the response to forcing
in absolute terms and, on the other hand, to clarify the degree to which wall scaling
procures a universal representation of the properties. Outer scaling also allows changes
in the outer portion of the flow to be conveyed with greater clarity.
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The general response to the forcing is a substantial decline, especially close to the
wall, of all of the normal stresses and the shear stress, but there are unusual aspects
to the relative changes. At the close-to-optimum forcing period, all stresses reduce
by at least 30 % throughout the entire channel height. Most important is the decrease
in the wall-normal stress, up to 80 % in the viscous sublayer, as this is primarily
responsible for the production of the shear stress (P12 ≡ −v′′v′′ du¯/∂y). Thus, as
expected, the shear stress also drops significantly in the viscous sublayer, by around
80 % in absolute terms and 50 % in wall-scaled terms at y+ ∼ 10. Moreover, the
maximum turbulent shear-stress drops by around 30 %, in absolute terms, consistent
with the decline in wall-shear stress of around 32 %. As is evident from the inner-
scaled results, only the profiles for v′′v′′ and u′′v′′ approximately collapse. These two
stress components are most closely linked to the wall-shear stress, the former via
its decisive contribution to the latter through the production term P12. In the case
of the other two components, non-universality is due to complex interactions in the
respective budgets and changes to the streak behaviour provoked by the Stokes layer,
both discussed later. The fact that the drop in turbulent shear stress in the viscous layer
is much larger than in the outer region prevents a collapse of this stress near the wall,
as is shown in figure 6(b). Thus, with forcing, a much higher proportion of the total
shear stress is carried by the viscous component as the turbulent component declines.
Moreover, there is a shift in the stress maximum from around y+ ≈ 40–48, indicating
the thickening in the viscous sublayer observed earlier by reference to figure 2.
A curious feature, at first sight, is that the peak streamwise stress near the wall at
T+ = 200 is lower than that at 100. At the same time, the spanwise component at
T+ = 200 develops a near-wall maximum that exceeds even the unforced level. Both
trends are also observed in the wall-scaled distributions, with the maximum in the
spanwise stress at y+ = 15 being especially pronounced.
There are two arguments, one based on statistical and the other on structural
observations, that contribute to the explanation of the above seemingly anomalous
features. First, as regards the maximum in w′′w′′, it will be shown later that an extra
production term, associated with the shear strain of the Stokes motion, is a significant
(indeed, major) contributor to the budget of the spanwise stress w′′w′′ at T+ = 200,
reaching a maximum at around y+ = 12 and thus elevating that stress. This production
is much lower at T+ = 100, because the level of turbulence is very depressed, and
does not, therefore, cause a discernible elevation of w′′w′′ at the wall. Second, as
will be shown in § 10, the spanwise forcing introduces a periodic realignment of the
streaks, and this gives rise to a spanwise component of the streak-oriented fluctuations,
and thus to an enhancement of the spanwise stress. This process can also be expected
to cause a reduction in the streamwise fluctuations. As the streaks are considerably
weaker at T+ = 100 than 200, the reduction is likely to be proportionately stronger at
the higher forcing period, and this goes some way towards explaining the behaviour of
the u′′u′′ peak in figure 5(a).
The reduction in the separation between the streamwise and spanwise fluctuations
is emphasized in figure 7 in terms of distributions of the anisotropy ratios, and this
supports the supposition that the periodic re-orientation of the streaks is the principal
mechanism responsible for the transfer of energy from u′′u′′ to w′′w′′. While there
are no results available for Reτ = 500 for forcing periods higher than T+ = 200,
figure 8 demonstrates, for Reτ = 200, that the diminution of the separation between
the streamwise and spanwise fluctuations is progressive as T+ increases. This further
supports the arguments about the role of the streak re-orientation.
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Figure 7 provides a supplementary view of the impact of forcing on the state
of anisotropy, by way of the so-called ‘Lumley map’. This shows variations of the
second and third anisotropy invariants along wall-normal lines traversing the flow from
the wall to the channel centreline. Forcing is seen to cause a progressive weakening
of the distinctive peak that characterizes the trend towards the one-component state
that is normally observed close to the wall prior to the asymptotic approach to
the two-component state at the wall itself. The virtual suppression of this peak at
T+ = 200, and the fact that the route for this period deviates from that pertaining to
the log-law portion adjoining the buffer layer (along the lower line of the triangle),
suggests that the isotropization effect arises from the progressive penetration of the
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Stokes layer into the flow, thus diminishing the damping effects of the forcing on the
streaks and enhancing the influence of the periodic realignment of the streaks on the
normal–stress separation. As an interesting aside, attention is drawn to recent work
by Frohnapfel, Hasegawa & Kasagi (2010), in which it is argued that one promising
route to drag reduction is through the damping of spanwise fluctuations, a process
that drives turbulence towards a state of one-component turbulence in the Lumley
triangle. In fact, Frohnapfel et al. (2007) argue that there is a more general relationship
between drag reduction and an enhanced trend towards one-component turbulence at
the wall. This is contradicted by the present observations: the flow here becomes
more isotropic, and spanwise fluctuations are amplified by the forcing, yet the drag is
reduced.
6. Probability density functions
Joint PDFs at y+ = 11 and 22 are shown in figure 9 and allow a view to be
gained of which fluctuations are preferentially damped, how the correlation between
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streamwise and wall-normal fluctuations is affected, and whether this correlation
is asymmetrically modified when associated with sweeps and ejections. The slight
differences in y+ among the sets of contours in any one of the plots are due to the
fact that data have been taken from grid planes at constant heights y/h. The PDFs are
normalized with outer as well as inner scales. The former is intended to bring out the
forcing-induced damping in absolute terms, while the latter conveys the fact that the
near-wall turbulent fluctuations are depressed much below the level that would make
the turbulence properties collapse with inner scaling: a point already made in relation
to the second moments (figures 5 and 6). The importance of this depression to the
drag-reduction margin is well delineated by the identity from Fukagata, Iwamoto &
Kasagi (2002), which shows that the turbulent shear stress very close to the wall is
disproportionately influential to the skin friction. However, at wall distances into the
buffer layer and beyond (the latter not included in figure 9), inner scaling is found
to progressively improve the collapse of the PDF contours. In fact, a full collapse is
virtually attained at y+ > 300.
Apart from the much tighter PDF contours for the forced flow, signifying strong
damping, two features deserve to be highlighted, specifically in relation to T+ = 100.
First, the orientation of the contours (or rather of their major axes) for the forced
flow is tilted towards the horizontal, relative to the baseline flow. This reorientation
points to a combination of a disproportionate reduction of wall-normal fluctuations,
relative to the streamwise components, and a lower correlation between u′′ and v′′
fluctuations, both implying a drop in the shear stress. Second, there is an indication
of a preferential decline in the contributions to the shear stress in the second quadrant,
characterized by negative streamwise fluctuations and positive wall-normal fluctuations,
i.e. ejections. The implication is that the contribution of sweep events, associated with
positive streamwise fluctuations, increases in relative terms.
It is reasonable to expect that this bias, specifically in the PDF closest to the
wall, y+ ≈ 11, would be reflected by a corresponding asymmetry in the fluctuations
of the wall shear stress. That this is indeed the case as demonstrated in figure 10,
which shows the PDF of the inner-scaled wall shear strain alongside the PDF of the
streamwise-velocity fluctuations at y+ ≈ 10. Attention is drawn to the manner in which
these PDFs have been constructed. The area under the PDFs in figure 10(a) is constant,
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having been derived from the PDF of the unforced flow, which is normalized to have
a peak value of 1. In figure 10(b), the area under all PDFs is also constant, but
equal to 1, and the widths of the PDFs have been normalized by the variance of the
PDF for the unforced flow. As expected, forcing diminishes the range of gradient
fluctuations, but the magnitude of the reduction is biased towards the low-speed
fluctuations. Although high-speed fluctuations also diminish, this diminution is less
pronounced, and the tail of the highest-speed events, associated with strong sweeping
motions, persists.
While figure 9 shows that the velocity fluctuations are also materially depressed at
T+ = 200, some of the features described about for T+ = 100 are less pronounced,
in particular the tilting of the major axes towards the horizontal. However, there
continues to be a noticeable bias in probability towards high-speed fluctuations in
the viscous sublayer, also seen in figure 10. The striking differences in shape and
orientation between the contour sets at T+ = 100 and 200 is partly linked to the
stronger diminution, at the higher forcing period, of the streamwise component, as is
clearly observed in figure 5 and discussed by reference to streak tilting in relation to
that figure.
7. Second-moment budgets
This section presents second-moment budgets for Reτ = 500. Corresponding budgets
for Reτ = 200 show analogous qualitative behaviour. For this lower value, T+ = 400
has also been examined, and the budgets were observed to be close to those
for the unforced case, reflecting the rapidly weakening (indeed, in some respects,
counterproductive) effects of forcing at long actuation periods on the skin friction.
The budgets are expressed by the exact transport equations for the stochastic
Reynolds stresses, and these are as follows (see Appendices B and C for details):
du′′u′′v′′
dy
= −2u′′ ∂p
′′
∂x
− 2u′′v′′ du¯
dy
− 2〈u′′v′′〉∂ u˜
∂y︸ ︷︷ ︸
P˜11
− 2
Re
3∑
i=1
(
∂u′′
∂xi
)2
+ 1
Re
d2u′′u′′
dy2
, (7.1a)
dv′′v′′v′′
dy
=−2v′′ ∂p
′′
∂y
− 2
Re
3∑
i=1
(
∂v′′
∂xi
)2
+ 1
Re
d2v′′v′′
dy2
, (7.1b)
dw′′w′′v′′
dy
=−2w′′ ∂p
′′
∂z
− 2〈w′′v′′〉∂w˜
∂y︸ ︷︷ ︸
P˜33
− 2
Re
3∑
i=1
(
∂w′′
∂xi
)2
+ 1
Re
d2w′′w′′
dy2
, (7.1c)
du′′v′′v′′
dy
= −u′′ ∂p
′′
∂y
− v′′ ∂p
′′
∂x
− v′′v′′ du¯
dy
−〈v′′v′′〉∂ u˜
∂y︸ ︷︷ ︸
P˜12
− 2
Re
3∑
i=1
∂u′′
∂xi
∂v′′
∂xi
+ 1
Re
d2u′′v′′
dy2
. (7.1d)
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Particular attention is drawn to the production fragments P˜ij, which account for
the interaction between phase-averaged stresses and gradients of the phase-velocity
fluctuations. Except for P˜33, P˜ij terms are found to be three orders of magnitude
smaller than their respective mean-flow production terms Pij, and they are therefore
negligible. The equation for v′′v′′ distinguishes itself by the absence of explicit terms
involving any fluctuations other than v′′ itself. Hence, importantly, any effects of the
forcing on this stress must be rooted entirely in the linkage to other equations via the
pressure–velocity term.
A frequently adopted practice is to split the pressure–velocity interaction into
pressure–strain and pressure–diffusion fragments, the former trace-free and the latter
purely redistributive within any one of the budgets. This fragmentation is not effected
herein, but its examination has revealed, particularly in the case of v′′v′′, that the two
parts are of opposite sign, each much larger than the sum, especially near the wall,
where the two parts virtually cancel each other. This behaviour has been observed
before (e.g. Fro¨hlich et al. 2005), and the fragmentation is thus regarded as unhelpful
for the present discussion.
The budgets of greatest interest are those for v′′v′′ and u′′v′′, figures 11 and 12,
the former dictating the production of the shear stress and the latter linked directly
to the friction drag, as well as governing the production of the streamwise stress and
the turbulence energy. The budgets are deliberately scaled in two ways: one based on
the nominal, unforced, wall-shear stress and the other on the actual value. The former
scaling of interest, as it conveys, essentially in absolute terms, the forcing-induced
responses of the various budget contributions to forcing, relative to the unforced state.
The budget for v′′v′′ is dominated by a balance between the pressure–velocity
process, feeding energy into this stress, and dissipation. Forcing is seen to reduce
the pressure–velocity term, and this is accompanied by a reduction in the dissipation.
An important observation relates to the interplay between the pressure–velocity and
the turbulent-transport (diffusion) terms. The former is large outside the viscous
sublayer, but halved upon forcing at T+ = 100. Within the viscous sublayer, the
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FIGURE 12. Budget of (7.1d) for Reτ = 500 with (tdif) turbulent diffusion, (pvel)
pressure–velocity, (prod) production (diss) dissipation and (vdif) viscous diffusion. P˜12 ∼
O(10−5) (at most) and is not reproduced: (a) nominal units; (b) actual units.
pressure–velocity term is a minor contributor, but there is, nevertheless, a noteworthy
decline in this term, especially at T+ = 100 (∼75 % relative to the unforced case). The
reduction in the pressure–velocity term in the outer region is then accompanied by a
decline in the turbulent diffusion, the role of which is to transport the excess of v′′v′′
in the outer region towards the viscous sublayer. In the unforced case, this is the most
important process by which energy is fed into v′′v′′ from the outer region towards the
wall. Very close to the wall, viscous diffusion takes over this role. In the presence
of forcing, the strong decrease in the pressure–velocity interaction also depresses the
diffusion process and hence the near-wall level of v′′v′′.
Identifying the fundamental origin of the depression in the pressure–velocity term in
the v′′v′′ budget is, arguably, central to the drag-reduction scenario. It is tempting to
speculate that the strong (unsteady) shearing associated with the Stokes motion shields
the near-wall region from eddies penetrating from the outer region, thereby reducing
the wall-normal fluctuating-pressure gradient and thus depressing the pressure–velocity
interaction. This is a suggestion made previously by Ricco (2004), based simply
on the observation that sweeping motions are depressed by the oscillatory forcing.
Some light on this question is shed by figure 13(a), in which the root-mean-squared
(r.m.s.) values of the gradients of the pressure fluctuations are plotted. The expectation
is that a reduced level of the r.m.s. value is associated with a diminution in the
pressure–velocity correlation over and above that resulting from the reduction in the
velocity fluctuations alone. Of greatest interest is the distribution for [∂p′′/∂y]2 (i = 2
in the figure), pertaining to v′′v′′. The most striking feature is the reduction of the
wall-normal r.m.s. value at T+ = 100 in the region extending from the wall to y+ ∼ 75.
Somewhat surprisingly, the reduction at T+ = 200 is modest, and also confined to the
region beyond y+ ∼ 20. Consistently, however, the pressure–velocity term at T+ = 200
is only marginally lower than that of the unforced case below about y+ = 20, as can be
observed in figure 11. Hence, figure 13 provides some support for the conclusion that
the sensitivity of the pressure–velocity process in v′′v′′ to forcing occurs partly via a
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FIGURE 13. (Colour online) Wall-normal profiles of the standard deviation of the fluctuating
pressure gradients and decomposition of the pressure–velocity term in (7.1d) in its
constituents (Reτ = 500).
reduction in pressure-gradient fluctuations beyond the immediate wall region, which is
then accompanied by a decline in the turbulent transport of v′′v′′ towards the wall.
The v′′v′′ budget, when scaled with the actual wall-shear stress, is interesting in so
far as it shows that the respective contributions almost collapse, suggesting a close
relationship between the processes affecting that stress and the wall-shear stress. This
is not unexpected, as the shear stress is closely linked to v′′v′′, via the production of
the former. Moreover, all processes, but the pressure–velocity interaction, depend only
upon v′′v′′.
The budget for the shear stress, figure 12, is dominated by the production and the
velocity–pressure terms, the latter reducing the shear-stress magnitude. As expected,
in view of the role of v′′v′′, the production drops drastically, by up to 80 %, in the
viscous sublayer at T+ = 100. Correspondingly, the pressure–velocity term declines,
with the difference being absorbed by relatively low turbulent diffusion away from the
wall and viscous diffusion very close to the wall. Dissipation is negligible outside the
viscous sublayer, rising only very close to the wall, a behaviour consistent with
anisotropy in the smallest scales. An evaluation of the two contributions to the
pressure–velocity process in the shear-stress budget is provided in figure 13(b), and
this shows that the reduction in this process in the viscous layer is primarily due to
the interaction of u′′ and the wall-normal pressure-fluctuation gradient, the latter also
featuring in the equation for v′′v′′. As already shown in figure 13(a), the wall-normal
pressure-fluctuation gradient is substantially reduced by the forcing. The maximum
reduction in the r.m.s. value of u′′ in the viscous layer at T+ = 100 is 84 % (at y+ ≈ 2,
in nominal units), and this further adds to the diminution of the pressure–velocity term
in the presence of forcing. Figure 12 shows that the use of actual wall scaling tends
to steer the budgets towards a collapse, although this trend is mostly qualitative and
less clear-cut than for the budget of v′′v′′ with which the shear stress is linked via the
shear-stress production. In this context attention is drawn to figure 6 and the associated
discussion, which highlights the lack of universality of the wall-scaled shear stress
itself near the wall.
The budget for u′′u′′ is shown in figure 14. This shares many features with those
observed in the budget for the turbulence energy (the most important difference being
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in respect of the pressure–velocity interaction), which is the reason for not including
the latter herein. Two processes to note first are the major decline in production
and the somewhat less drastic decrease in dissipation. Without forcing, diffusive
transport makes an important contribution to the balance, both draining energy beyond
y+ ∼ 5, counteracting production, and transporting it towards the wall, with dissipation
balancing this transport. The strong forcing-induced decline in production causes the
diffusive transport towards the wall to be diminished and thus also the near-wall
dissipation. The pressure–velocity term is relatively minor, extracting energy from u′′u′′
and diverting it to the other two normal stresses. Again, the forcing leads to a decline
in this process, the level of reduction being, typically, 70–90 % close to the wall,
relative to the baseline flow.
An observation that is of relevance to the non-monotonic behaviour (in T+) in the
peak streamwise stress (figure 5), is that the production levels at T+ = 100 and 200 do
not differ dramatically around y+ = 15–20, the position at which the maximum of u′′u′′
occur in the presence of forcing. Similarly, the differences in the respective diffusion
and pressure–velocity contributions are small, but it is nevertheless noteworthy that
turbulent diffusion at T+ = 200 is positive and lower than that at T+ = 100, tending
to reduce u′′u′′ in this y+ range at the longer forcing period. These subtle changes
in the balance make it difficult to correlate, unambiguously, particular features in the
budgets with the behaviour of the maximum of u′′u′′ in figure 5. What emerges clearly,
however, is the substantial decline in production, via u′′v′′, in the region y+ = 5–15,
which is the major driver of the reduced level of this normal stress, and this then
causes wall-normal diffusive transport to decline, with dissipation following suit.
In accordance with expectation, most contributions in the wall-scaled u′′u′′ budget
(figure 14b) do not collapse. An exception, qualitatively, is the production, and this
reflects the close link to the shear stress. However, the other terms (diffusion, in
particular) do not scale in any obvious sense with the wall shear stress. As the
near-wall dissipation closely follows viscous diffusion, the former does not collapse
either, at least not close to the wall.
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The budget for w′′w′′ is shown in figure 15. Its most interesting feature is the
large production due to the Stokes motion. This is especially high at T+ = 200, as a
consequence of the combination of higher Stokes straining and 〈w′′v′′〉 levels in the
upper part of the viscous layer, the latter reflecting the elevation of w′′ by the Stokes
strain. This forcing-related production is responsible for the peak in w′′w′′, seen in
figure 5. It will also be shown later, by reference to visualizations of streak-conditional
phase-averaged data, how the periodic forcing generates peaks in w′′w′′ when the
gradient of the Stokes motion periodically reaches its maximum. Predictably, the
response of this production is a substantial elevation in the diffusion process, with the
consequent transfer of w′′w′′ from the high-production region towards the wall, and in
the dissipation. As the production diminishes strongly at T+ = 100, all terms decline
in the budget. Surprisingly, the pressure–velocity contribution declines monotonically
with forcing, despite the increased production, with increased dissipation securing the
balance. The fact that the velocity–pressure term involves w′′ suggests that the decline
in this term, especially at T+ = 200, may be due to an attenuation in the spanwise
gradient of the pressure fluctuations. However, figure 13 does not provide support for
this supposition, and this suggests a weakening correlation between spanwise velocity
fluctuations and the spanwise gradient of pressure fluctuations as the forcing period is
decreased. As expected, figure 15 shows that scaling with the actual wall-shear stress
does not result in a collapse of the budget. Such a collapse can simply not occur,
because P˜33 is a major constituent of the budget when forcing is effective, and this is
not linked in any direct manner to the wall shear stress.
8. Enstrophy
Instantaneous and conditionally averaged cross-flow fields, such as those shown
in figures 16 and 17, and discussed in detail in § 9, suggest, in common with
received wisdom, that streaks are associated with quasi-streamwise vortices. Hence,
the expectation is that forcing would result in a decline in streamwise enstrophy,
commensurate with the attenuation of wall-normal fluctuations. This relationship is
investigated by reference to figures 18 and 19. The former compares the phase-
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FIGURE 16. Transverse-flow cross-section of the channel showing the stochastic part of
the velocity-vector fluctuations at Reτ = 500. The colour contours give the streamwise
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spanwise velocity profile at this particular phase. The white arrow indicates the plate velocity
at this particular instant: (a) forcing OFF; (b) forcing ON, T+ = 100.
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FIGURE 17. Conditionally averaged streaks obtained by sampling the flow, after application
of a high-pass filter to remove super-streak modulations, such that u′′ < b and u′′ > a
at y+ ≈ 10 (magenta star). Contour lines give the streamwise velocity contours u′′/uτ ∈{−2.5,−2,−1.5,−1,−0.5} and u′′/uτ ∈ {+0.5,+1.0,+1.5,+2.0,+2.5}. The contours in
the background give the vorticity field (in Ubulk/h units), and the vectors the transverse
velocity fields. In (a) a = +0.24Ubulk and b = −0.20Ubulk . The number of samples is 997 287
for u′′ > a and 1 126 408 for u′′ < b. In (b) the flow fields are also phase averaged (ϕ = 60◦
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Near-wall streak modifications by spanwise oscillatory wall motions 175
180  
 
nominal
En
st
ro
ph
y
Unforced
°
°
180 
Unforced
° °
°
180  
Unforced
°
°
180  
Unforced
°
y
y
z
z
x
x
20
40
60
80
100
120
140
160
180
0 10 20 30 40
nominal
0 10 20 30 40
nominal
0 10 20 30 40
nominal
0 10 20 30 40
20
40
60
80
100
120
140
160
180
20
40
60
80
100
120
140
160
180
20
40
60
80
100
120
140
160
180
FIGURE 18. Phase-averaged enstrophy and contribution of each component for Reτ = 500 at
T+ = 100.
nominal
En
st
ro
ph
y 
pr
od
uc
tio
n
10
20
30
40
50
60
70
80
90
180 
Unforced
°
°
180 
Unforced
°
°
0 5 10 15 20 25 30 35 40
nominal
0 5 10 15 20 25 30 35 40
10
20
30
40
50
60
70
80
90(a) (b)
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averaged enstrophy and its components for the close-to-optimally forced case relative
to the unforced flow, while the latter gives the principal part of the enstrophy
production at T+ = 100 and 200. Figure 18 demonstrates, as expected, that the
enstrophy reduces significantly in the near-wall region, the phase-related variation
being small. Surprisingly, however, this reduction does not arise from a significant
decrease in the (already modest) streamwise component in the unforced flow, but
mostly from the spanwise component. A reasonable interpretation of this result is
that the decrease stems from a strong diminution of the streamwise gradients of
wall-normal fluctuations, combined with a flattening in wall-normal gradients of the
streamwise fluctuations. Indeed, figure 20 confirms the latter to be the most important
contributor, and this is associated with the severe weakening of the streaks. Hence, the
conventional close association between streaks and quasi-streamwise vortices appears
to be over-rated, insofar as spanwise vortical motions are much more influential.
Consistent with the forcing-induced attenuation in total enstrophy is the observation,
from figure 19, that the production of enstrophy is strongly reduced. The level of this
176 E. Touber and M. A. Leschziner
 
 
 
180 °
°
180 
Unforced UnforcedUnforced
°
°
180 °
°
nominal
20
40
60
80
100
120
140
160
20
40
60
80
100
120
140
160
0 10 20 30 40
nominal
0 10 20 30 40
20
40
60
80
100
120
140
160
nominal
0 10 20 30 40
(a) (b) (c)
FIGURE 20. Componentwise contributions to the enstrophy for Reτ = 500 at T+ = 100:
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decrease is much lower as the forcing period increases to T+ = 200. At the same time,
the phase-dependence increases, and this reflects the sensitivity of this process to even
minor phase-dependent variations in the near-wall structure, the streak reorientation
and phase-variations of the turbulent fluctuations, in particular.
9. Spectra
The final set of statistical data presented are the premultiplied power spectral density
(PSD) functions shown in figure 21. The spectra, each pair of rows relating to a
different stochastic component, are displayed in the form of contours spanning the
entire half-height of the channel. In the upper row, for any one component, any
spectrum at a given wall-normal distance is normalized by its integral, i.e. the
total resolved power at that wall-normal distance. In the lower row, the spectra are
normalized by the total power across the entire f+nominal–y+ domain. The purpose of the
two normalization choices is to identify, on the one hand, any wall-normal variations
in the dominant frequency range at which the power density is especially high and, on
the other hand, to highlight the most energetic regions, essentially in absolute terms,
in both location and frequency. Bright regions indicate high values and dark regions
low values. The middle and right-most columns relate to the forced cases, and the
respective forcing frequencies are identified by full red dots on the abscissa.
For the unforced flow (left-most column), a first remarkable observation is that the
wall-normalized time scale associated with energetic streamwise fluctuations near the
wall is of the order of 100, corresponding to f+ = 0.01. This time scale is closely
associated with the transit time of the streaks (relative to a stationary sensor) that
can be estimated from the streak length, typically λx = O(103), and the representative
convective streamwise velocity at U+ = O(10) at y+ = 10, at which the streamwise-
fluctuation energy is also seen to reach a maximum, consistent with the location of the
streaks. Whether the coincidence of this time scale with the optimum forcing period
is physically significant remains an open question. A second observation is that there
is a high degree of uniformity in this time scale across the entire viscous sublayer,
a coherence that is only lost well beyond the viscous sublayer. In fact, wall-normal
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FIGURE 21. (Colour online) Premultiplied power spectral density functions of the velocity
fluctuations (at Reτ = 500). For each velocity component, two rows are given: for the top
row, the power spectral density function was multiplied by the frequency and divided by
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coherence of the region of maximum energy is a recurring theme in most of the
spectra in the upper rows, including those for the forced flows. The spectra for the
wall-normal and spanwise fluctuations are broader and less distinct than that for the
streamwise fluctuations, with weak maximum at the considerably higher frequency of
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around f+nominal = 0.04–0.05 in the viscous sublayer. A reasonable interpretation of this
large difference in frequency is that wall-normal sweeps and ejections, and associated
spanwise motions, are far more frequent than that implied by the assumed close
linkage between streaks and quasi-streamwise vortices. Another possible source is that
streaks meander, thus inducing high-frequency fluctuations relative to a ‘probe’ that is
fixed in space, as is the case here. A final observation relating to the unforced flow is
that the energy of the wall-normal fluctuations peaks far outside the viscous sublayer,
which is consistent with the prevalence of large-scale sweeping motions and the fact
that these fluctuations decline at an especially high rate towards the wall, due to the
kinematic blockage of the wall.
With forcing imposed, there is a general trend for the maximum energy in all
spectra to shift towards frequencies in the range f+nominal = 0.07–0.1. This is especially
pronounced for the case T+ = 200. It might be regarded as curious, at first sight, that
this shift is entirely at odds with the forcing frequency. The explanation is rooted
in the fact that the streaks are subjected to periodic tilting (as seen in figure 22).
As we discuss later in some detail, a consequence of the forcing, especially at
non-optimal forcing frequencies, is a periodic and rapid formation of the streaks
at phase values at which the shear-strain angle approaches the two maxima in any
one forcing period. At intermediate states, within which the shear angle changes
rapidly, the streaks are materially depressed and do not possess a predominant
orientation. Relative to a stationary probe, the inclined streaks, separated by distances
λ+z = O(100), traverse the probe at a speed of U+ = O(10), therefore contributing to
the fixed-probe spectrum at around f+ ∼ 0.1. The fact that the shift towards this value
is only tentative for T+ = 100 is a reflection of the general weakness of the streaks
at this near-optimum forcing period. The coherence observed in the viscous sublayer,
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especially at T+ = 200, is again remarkable. It is consistent with the observation
that the streak angle does not vary substantially in the wall-normal direction within
the viscous sublayer (as we show later), which is counterintuitive in the presence of
strong wall-normal variations associated with the Stokes motion. In the turbulent layer,
beyond y+ = 50, the frequency range of the energetic streamwise fluctuations remains
essentially unaffected by the forcing. This region is characterized by super-streaks, as
we show in § 11, which are essentially divorced from the near-wall streaks, although
the former will be shown below to modify the latter.
Analogous arguments may be applied to the spectra of the spanwise and wall-
normal fluctuations to explain the shift towards f+ ∼ 0.1. An interesting additional
feature specific to the w′′ component is the emergence of a pronounced peak at
T+ = 200 within the viscous sublayer, relative to the unforced case. This suggests
a stronger scale selectivity of the near-wall structures at that particular forcing
frequency, as will transpire in the next section, by reference to figure 22(b). This
may be attributed to the process responsible for the extra production, P˜33, shown
in figure 15. Equation (B 3c), in appendix B, shows that spanwise fluctuations are
enhanced by the interaction between wall-normal fluctuations and the unsteady Stokes
strain. This enhancement peaks as the streaks reform and align with the shear angle,
the condition which gives rise to the energy maximum in the near-wall spectra being
around f+ ∼ 0.08. The fact that the absolute energy maximum has drifted down from
around y+ = 50 towards y+ = 10–15 strengthens the above interpretation, because this
drift is consonant with the maximum in P˜33 also occurring at this latter wall-normal
distance.
10. Flow structures
10.1. Streak inclination and strength
The characteristics of streaks in canonical near-wall shear are well-researched, and
are not the subject of the following discussion. Rather, interest is focused herein on
the response of the streaks to the oscillatory wall forcing. The fact that the forcing
causes the elongated near-wall structures to tilt is known. Both Choi (2002) and Ricco
(2004) present hydrogen-bubble images that show inclined traces, which may (albeit
rather loosely) be interpreted as ‘streaks’. The terminology requires care, because
streaks are defined as regions of elevated or depressed streamwise velocity, and this
is not what the visualizations show. Inclined streaks are also evident when spanwise
motion is induced by an oscillating Lorentz force, as shown by Du et al. (2002).
The reorientation of the streaks, as part of their general response to forcing, is not
merely an inert kinematic manifestation of the response, but is an important indicator
of the near-wall dynamics and thus the drag-reduction process. Choi (2002) provides
an interpretation of how streaks are made to incline by the transverse motion, and
this has been mentioned already in § 1. The explanation rests on the assumption that
the streak inclination is driven directly by the spanwise wall velocity. It is shown
below that the inclination is governed, rather, by the direction of the shear-strain
vector, which is entirely different from (indeed often opposed to) the direction of wall
velocity. Furthermore, Choi’s paradigm includes the assumption that the vorticity sheet
associated with the shear in the Stokes layer is periodically tilting, thereby generating
mean spanwise vorticity, but it is entirely unclear how this can be effected in channel
flow.
Figure 22 shows three snapshot of streamwise-velocity fluctuations at y+ = 6,
the middle and right-hand side images displaying typical streak-inclination patterns
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FIGURE 23. Spanwise spectrum of the streamwise-velocity fluctuations at Reτ = 500 for
y+ ≈ 6. The spectrum was acquired over 2162 viscous time scales with a sample taken every
0.72 viscous time units, where each sample comprises the entire channel length, totalling
about 2.3 × 106 realizations. All spectra are then made smoother by applying a sixth-order
non-causal Butterworth filter.
observed during the forcing at T+ = 200 and 100, respectively (the visualization
window width is ∼3000 wall units). A purely visual inspection allows four statements
to be made: first, in the absence of forcing, there are ∼30 streaks within the spanwise
domain, and this suggests, much as expected, a streak distance of the order 102 of
wall units; second, there is clear evidence of larger structures, ‘super-streak’, in both
the unforced flow and the forced flows, which interrupt the regularity of the near-wall
streaks, with roughly five such structures visible across the spanwise box; third, there
is clear evidence of the forcing weakening the streaks; fourth, at the near-optimum
actuation period, there exist extensive regions which are effectively devoid of the
streaky structure, and it appears that the distribution of these regions is dictated by
the large-scale structures, i.e. the intensity of the small-scale structures is influenced
by the large-scale structures. We show later that this interaction also gives rise to a
non-negligible impact on the wall-shear stress.
Figure 23 provides statistical evidence, by way of distributions for the weighted
PSD, for the inter-streak distances noted above. All three curves feature two maxima,
at λ+z ≈ 120 and 600, the former identifying the near-wall streaks and the latter the
large outer streaks which are separated by about one channel half-height. At the
near-optimum forcing period, T+ = 100, the near-wall streaks are strongly damped,
and the footprint of the outer streaks becomes dominant. At T+ = 200, the near-wall
streaks are weaker, but evidently not as weak as might be anticipated in the light of
the statistical results discussed earlier. Reference to the images in figure 22 suggests
that the streaks at this longer period are much more pronounced and well formed than
at the optimum value. There is an indication of a slight rise in streak spacing, around
10 % at T+ = 100, and this is broadly in line with observations by Ricco (2004).
The correspondence between the shear angle and the orientation of the streaks is
explored in figure 24 with the aid of 12 snapshots of the streak structure at T+ = 200,
each row pertaining to one particular phase and giving views at three wall-normal
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FIGURE 24. For the caption, see the next page.
distances. The choice of T+ = 200, in preference to 100, is rooted in the observation
that the streak structure at the former value is more distinct at all phase angles.
The vectors given at the top of plots relate to the spanwise wall velocity, the local
phase-averaged velocity and shear-strain rate (see caption). The angle of the last, the
shear angle, is indicated by a full circular symbol in the inset that shows the temporal
variation of this angle over the forcing period, t/T = 0 and 0.5 corresponding to the
zero-velocity states of the wall.
There are four main observations that derive from the visualizations. First, the
direction of the streaks is only a weak function of the wall-normal position within
a major proportion of the viscous layer, the variations being rather weak compared
with the larger wall-normal change in the direction of the phase-averaged flow and
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FIGURE 24. (Continued) Instantaneous snapshots of the streamwise velocity fluctuations
u′ at y+ ≈ [6, 10, 14] (left to right) for Reτ = 500, T+ = 200. The same colour map is
applied everywhere after clipping the data to u′/Ubulk ∈ [−0.12, 0.45]. Blue (bright) regions
correspond to pronounced velocity deficits relative to the mean value. The white arrow
corresponds to the vector [w˜, u¯ + u˜], the orange arrow to [∂w˜/∂y, ∂[u¯ + u˜]/∂y] while the
purple arrow corresponds to the wall velocity. Animated versions of this figure, together with
the baseline and T+ = 100 cases, are available from the authors upon request.
the shear vector. Aspects of wall-normal coherence have already been highlighted
in earlier parts of the discussion, notably in relation to the spectra maps. Second,
there is a pronounced trend towards an alignment of the streaks with the shear-strain
vector around the location y+ = 10 and above, within which the bulk of the streak
dynamics is likely to be most vigorous. Third, when the spanwise strain changes at a
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FIGURE 25. (Colour online) Streak and shear angles as a function of phase for
y+ ∈ {2, 6, 10} (Reτ = 500): (a) T+ = 200; (b) T+ = 100.
high rate, with some time delay following the wall-velocity reversal, the shear-vector
angle changes rapidly, in terms of both direction and magnitude, and the streaks are
observed to weaken substantially, losing their distinct orientation. Fourth, the streaks
tend to be most vigorous, or clearly established, as well as most strongly tilted, in
two conditions, namely when straining due to the Stokes motion is shortly beyond
its extreme values in the layer y+ = O(10). In these states the shear vector tends to
change little in time, in terms of both direction and magnitude, over a proportion
of the forcing period, a state referred to herein as ‘lingering’, and this encourages
the (re-)generation of the streaks in the direction of the ‘lingering’ shear strain. The
implication of this behaviour is that the ratio of forcing time scale to that governing
the formation of streaks in response to (quasi-steady) shear is of major significance.
The correspondence between the shear angle and the orientation is quantified in
figure 25(a) for T+ = 200, at y+ = 2, 6 and 10. The streak angle was determined
from streak distances in the x- and z-directions extracted from related phase-averaged
two-point correlation functions. These were constructed from the high-pass-filtered
velocity field in Fourier space (with sharp cut-off corresponding to 200 and 1500 wall
units, in the structure-normal and structure-parallel directions, respectively), so as to
remove large-scale contributions. The sign of the angle, which cannot be determined
from the above, is derived visually from images such as those in figure 24.
It is observed that the variation of streak angle follows that of the shear angle
at y+ ∼ 10, but has a close-to-bimodal character; that is, there exists a well-defined
streak orientation over a proportion of the shear-angle period in which the shear
angle ‘lingers’, and no distinct structure is observed as the shear angle varies rapidly.
The implication is thus that the streaks recover rapidly once the rate-of-change of
the shear angle falls below some threshold and for a sufficient period of time. In
addition, figure 25(a) illustrates the close correspondence of the streak angle at all
three wall-normal planes with the shear angle in the central portion of the viscous
sublayer, and also the wall-normal near-constancy (coherence) of the angle.
An analogous plot for T+ = 100 is shown in figure 25(b). For this forcing period,
the streaks are weak, and the determination of their angle difficult and subject to
significant uncertainty. Hence, the results should be regarded merely as providing
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qualitative trends. In common with T+ = 200, the streak-angle variation tends to be
bimodal. Wall-normal uniformity of the angle is somewhat less pronounced, but still
clearly discernible. The more pronounced wall-normal differences in the streak-angle
variations at T+ = 100 is consistent with the larger wall-normal phase shift in the shear
angle at this forcing period (see figure 25b). The extrema in the shear angle occur at
t1/T = 1/8+y+p /
√
4piT+ and t2/T = 5/8+y+p /
√
4piT+ for a given wall-normal distance
yp (based on Stokes solution), yielding a 1/
√
T+ dependence in the phase shift normal
to the wall.
The phase variation of the streak properties and orientation angle is of interest to
those who attempt to predict the turbulence near-wall structures by linear analyses of
the Navier–Stokes equations. Such analyses aim to identify the formation of streaks,
signified by the amplification of perturbations and various measures of the streamwise-
fluctuation energy given a prescribed mean-strain field. The amplification process
extends over a time τa, which is associated with the streak-formation time scale. In the
case of the unforced channel, this time scale is τ+a ∼ 50 (see Blesbois & Chernyshenko
2011). The present investigations suggest that, following a scrambling phase in which
the streaks are substantially weakened, there is a phase (period) of near-constant shear
strain, τs, during which the streaks amplify and re-organize. The implication is, thus,
that this process is closely connected to T+. In particular, it appears that τs/T ∼ 1/4
(see figure 25). To allow for the streaks to form, the condition τs > τa thus translates
to T+ > 4τ+a ≈ 200, which is consistent with the DNS observations where near-wall
streaks remain suppressed for T+ = 100 but start re-organizing when T+ = 200.
The above discussion clearly established that the near-wall turbulence structures
change significantly from one phase to another. However, the link with the time- or
phase-averaged skin friction is not straightforward as the skin friction reflects the
wall-integrated process rather than the footprint of individual structures. For example,
the phase-averaged skin friction in the streamwise direction depends on both du¯/dy
and ∂ u˜/∂y at the wall. As noted during the discussion of (4.2), the contribution of u˜
is negligible for the T+ values of interest, and thus the phase variation of the skin
friction is also negligible (less than 1 % of the time-averaged value). This may seem
contradictory, at first sight, given the phase-dependence of the turbulence structures,
but the link with the skin friction is through the Reynolds shear stress, which is a
very weak function of the phase (as already discussed when examining (4.2a)) and
therefore leading to an almost phase-independent skin-friction value. This was also
established when discussing the very weak phase dependence of the phase-averaged
probability distributions of u′′–v′′ in figure 9. The role of the modified turbulence
structures is to cumulatively reduce the correlation between u′′ and v′′, and the weak
phase dependency simply reflects the fact that in the close-to-optimal situation, the
near-wall structures are not allowed a sufficient amount of time to organize themselves,
in which case the shear-stress modulation in (4.2a) is suppressed.
10.2. Transverse streak structure
Snapshots of the transverse motion, in concurrence with contours of streamwise-
velocity fluctuations, do not provide much insight into the effect of the forcing, except
insofar as they illustrate a general weakening in turbulence activity, especially close to
the wall. This is illustrated by the two snapshots in figure 16, which contain vectors
of the cross-sectional velocity-fluctuation field, with the phase-averaged fluctuations
removed. Apart from illustrating the substantial weakening in cross-flow motions
resulting from the forcing, it verifies, qualitatively, that the streak distance in the
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unforced case is indeed of order 102 wall units, and it indicates an attenuation in the
intensity of the streaks, especially very close to the wall.
Much more informative are conditionally sampled fields. This technique has been
used by Choi et al. (2002) to examine the forcing-induced deformations of streaks
in oscillatory pipe flow at Reτ = 170, subject to sampling being conditional on
streamwise vortices. In contrast, the present approach targets the streaks themselves,
with sampling being conditional on the detection of maximum/minimum stochastic
streamwise fluctuations at y+ ≈ 10.
To provide a background against which the effects of forcing can be discussed,
figure 17 gives a ensemble-averaged fields, conditional on low- and high-speed streaks,
for the unforced and forced flows. The line-contours identify isostreamwise-velocity
defect or excess, relative to the time-averaged field (note that the isocontour values
are normalized by uτ ), and the vectors represent the (conditionally sampled) cross-flow
velocity field. In line with expectations, the unforced fields show a close relationship
between low-speed regions and ejections (anti-splats), on the one hand, and high-
speed regions and sweeps (splats), on the other. The plots also bring out the quasi-
streamwise vortices associated with the ejections and sweeps. Because the lateral
extent of either image is 120 wall units, the two images, if put side by side, roughly
cover the statistical inter-streak distance of around 120 wall units.
With forcing present, the streak structure and the cross-sectional flow field are
much more complicated. This emerges from figure 26, which shows phase-averaged
visualizations of the high- and low-speed streaks in the left-hand and right-hand side
columns, respectively, at six phase angles of the forcing at T+ = 200. Again, this
non-optimum forcing period has been chosen deliberately, allowing the response of the
streaks to be identified with greater clarity. Each plot contains three sets of data, all
being conditionally sampled, by reference to the streak ‘centres’ at y+ = 10, and phase
averaged: line contours of the streamwise velocity; vectors of cross-flow stochastic
velocity fluctuations (v′′,w′′); colour contours of the ratio between the conditionally-
sampled, phase-averaged value of f , denoted by 〈f 〉ph.+cond ., and its time-averaged value
f¯ , with f being v′′∂w˜/∂y and v′′v′′ in consecutive sets of plots. In addition, profiles of
the Stokes velocity and its wall-normal gradient are included, the latter being identified
by open circular symbols. The rationale underlying the inclusion of the stresses in
the form shown is to identify specific regions and phases in which the Stokes motion
tends to preferentially suppress the stresses below their time-averaged values, thus
promoting drag reduction. In this context, it is appropriate to emphasize that the
present results have been obtained at a flow condition which represents the cumulative
effect of the forcing; that is, the visualizations relate to a flow in which, statistically,
the drag reduction is essentially low and stable. Hence, any phase-related events can
only be used to identify trends in particular regions, indicating a positive or negative
contribution towards a further depression of turbulence activity relative to the mean.
In the discussion to follow, reference is made to (B 3a) and (B 3c), which describe
the stochastic fluctuations. Attention is drawn, in particular, to the generative terms
(i) and (ii), which link the stochastic fluctuations to the mean streamwise strain and
phase-averaged Stokes strain.
One response to the Stokes straining that emerges most strikingly from the plots
is the strong convective distortions of the streaks in the viscous near-wall layer. In
particular, near-wall portions of the low-speed streak are being pulled towards and
below the neighbouring high-velocity streak, and superficially analogous distortions
arise in respect of the high-speed streaks. The maximum of this distortion is
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FIGURE 26. Phase-averaged and conditionally averaged streaks obtained by
sampling the flow, after application of a high-pass filter to remove super-streak
modulations, such that u′′ < b and u′′ > a at y+ ≈ 10 (magenta star). Contour
lines give the streamwise velocity contours u′′/uτ ∈ {−2.5,−2,−1.5,−1,−0.5}
and u′′/uτ ∈ {+0.5,+1.0,+1.5,+2.0,+2.5}. The contours in the background give
〈v′′∂w˜/∂y〉ph.+cond .. The vectors give the transverse velocity fields. In all cases
a=+0.14Ubulk and b=−0.10Ubulk . The phase-averaged spanwise velocity is indicated
by the thick black line (which is scaled on the velocity field) and its wall-normal
derivative is indicated by the white dots (not to scale).
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FIGURE 26. (Continued)—but with the background contours giving 〈v′′v′′〉ph.+cond . /v′′v′′.
coincident with the peak wall velocity (ϕ = 90◦ in figure 26), and is therefore
mainly driven by direct convection associated with w˜ in the Stokes layer (note that
a similar process occurs at ϕ = 270◦). Further away from the wall, the generation
term (ii) in (B 3c) becomes more significant and reaches its extrema at ϕ ≈ 120◦
and ϕ ≈ 300◦ for y+ = 10 and T+ = 200. At these conditions, the streaks undergo
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maximum amplification and assume their characteristically oblique orientations (see
also figure 25a).
Below the low-speed streaks, the wall-normal fluctuations are predominantly
positive, so that the action of term (ii) in (B 3c) is to generate spanwise fluctuations
that are mostly in line with the Stokes motion, thus enhancing spanwise convection
for all three fluctuating components (this is based on the observation that at any given
height y+, w˜ and ∂w˜/∂y are of opposite signs for ∼79 % of the time, using the
Stokes solution). This additive process emerges clearly from the right-hand side plots
in figure 26. Conversely, the wall-normal velocity fluctuations around the high-speed
streaks are predominantly negative, causing the spanwise fluctuations to be opposed to
the Stokes motion, thus weakening the convective distortions of the streaks (although
the maximum strength of each action occurs at different heights, as noted earlier).
Again, this is clearly displayed by the plots on the left-hand side of figure 26. There
is, therefore, an inherent asymmetry in the spanwise distortions of the low- and
high-speed streaks, with the former affected more strongly, especially around y+ = 10,
where the generation of the spanwise fluctuations reaches a maximum.
The preferential distortion of the low-speed streaks described above leads to one
plausible facet, i.e. possibly part of the story, of the drag-reduction paradigm. This is
based on the deduction that the Stokes motion gives rise to a preferential inundation
of the near-wall region by low-speed fluid, driven by the mutually reinforcing phase-
averaged and fluctuating spanwise component, a process that depresses the near-wall
streamwise shear strain, as near-wall low-speed streaks induce a weaker wall-normal
velocity gradient.
A second component of the drag-reduction mechanism is proposed to be linked
to the strong distortions of the cross-flow fluctuations by the Stokes motion. A
consequence of the alternate generation of negative and positive spanwise fluctuations
under the low-velocity and high-velocity streaks, respectively, is the formation of
highly skewed ejections and sweeps, with motions almost parallel to the wall. Both
sweeps and ejections are especially evident on the upper right-hand sides of the
stretched streak-velocity contours in figure 26. In both low-speed and high-speed
streaks, the ejection or sweep motions are deflected upwards by the opposing spanwise
motions generated below the streaks. It is reasonable to postulate that the strongly
spanwise-oriented motions close to the wall ‘shield’ the viscous sublayer from wall-
normal splatting and, as a consequence, anti-splatting. This suppression is, furthermore,
presumed to be reflected, statistically, by the decline in pressure–velocity interaction
and the r.m.s. value of the wall-normal pressure-fluctuation gradient (figures 11 and
13).
Another important aspect of the production term (ii) in (B 3c) is the role it can
play in disrupting a previously established unforced flow. Starting from a baseline
flow, where streaks align with the vector formed by [du¯/dy, 0] (in a plane parallel
to the wall), and upon a sudden imposition of a constant spanwise-oriented shear
∂w˜/∂y, it is clear from the above discussion that a new set of streaks form and
align with [du¯/dy, ∂w˜/∂y]. In this process, the first set of streaks (from the baseline
flow) is essentially ‘destroyed’ by the new set provided that ∂w˜/∂y is sufficiently
large, relative to du¯/dy. Naturally, if ∂w˜/∂y is now allowed to change in time, the
most recent set of streaks is continuously disrupted to form a newer set, and if the
rate of change of ∂w˜/∂y is carefully chosen, it is possible to reach a point where
near-wall streaks are never observed because they are not allowed a sufficient amount
of time to form. This is, presumably, the optimal scenario to achieve the lowest-
possible turbulence skin friction. In the present scenario (the Stokes layer), and for
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the conditions under investigation, ∂w˜/∂y is up to three times larger than du¯/dy at the
wall, rendering ∂w˜/∂y the dominant component in the formation process. In fact, the
higher magnitude of ∂w˜/∂y, relative to du¯/dy, goes some way towards explaining the
visual observation that the streaks formed at T+ = 200 appear to be more organized
than for the baseline flow (see figures 22 and 24 for example and the corresponding
animations, available from the authors upon request), confirmed by the more selective
nature of the spectrum in figure 21. The linear analysis of Blesbois & Chernyshenko
(2011) also suggests higher growth rates with forcing, compared to the baseline case.
Some final observations are made about the colour contours in figure 26, which
may be argued to point to the processes which are primarily responsible for driving
the unforced state towards the final reduced-drag forced state. It is recalled first that
the contours identify departures of the local v′′–v′′ correlations from their respective
time- and spanwise-averaged values. With attention focused on the wall-normal stress,
it is observed that this is strongly depressed in the region into which the Stokes
motion drags the low-velocity streak. This region is characterized by a near-horizontal
(spanwise) motion and weak wall-normal motion. While this depression must be
counterbalanced by an excess around the high-speed streak, the essential point is that
forcing appears to drive the flow towards a lower-drag state primarily by suppressing
(or depressing) ejections associated with the low-speed streaks.
11. Interactions with outer-layer turbulence structures
The present section addresses the relationship between outer and inner streaks.
Although it is well established (e.g. Marusic et al. 2010) that large-scale outer
motions contribute to the near-wall turbulent state, both by way of ‘foot-printing’ and
through a ‘modulation’ of the small-scale near-wall streaks, this subject has received
very little attention in the context of friction-drag reduction by oscillatory wall motion.
A recent DNS study addressing the relative contribution of large- and small-scale
structures on the skin friction is that of Fukagata, Kobayashi & Kasagi (2010). This
study addressed, principally, the consequences of damping the outer structures, by
an application of an artificial body force, to the skin friction, but also included a
limited statistical analysis identifying the contribution of different scales to the second
moments and shear-stress budget. However, it did not deal with the structural details of
the interaction.
In the discussion of figure 22, the simultaneous presence of both small-scale near-
wall streaks and large-scale super-streaks was highlighted. The same was also inferred
from figure 23, showing the power spectrum. Figure 27 shows visualizations, arranged
as sets of three horizontal plots, each pertaining to a different forcing phase t/T , at
T+ = 200. The left-most plot gives a complete (composite) view of the instantaneous
skin friction, while the other two decompose (by means of low-pass/high-pass filtering,
see § 10) the contribution of large and small scales. It is noted, first, that the
orientation of the small-scale skin-friction traces align closely with the near-wall
streaks. Similarly, when the streaks lose a clear structure and orientation, whilst the
shear strain changes direction sufficiently fast, the skin-friction traces follow suit. In
contrast, the large-scale skin-friction footprints, separated statistically by around 6×102
wall units (i.e. of the same order of the channel half-height), are unaffected in terms of
direction.
Figure 28 shows distributions of the phase-averaged variance of the skin-friction
fluctuations associated with the large scales, in terms of their relative contributions to
the total r.m.s. value. As discussed in § 4, the phase variation of the skin friction is
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FIGURE 27. (Colour online) Skin-friction-fluctuation decomposition into large- and
small-scale contribution.
low, of the order of 1 %, certainly low in comparison with its variance, indicated by
the PDFs in figure 10. Thus, the variance of total skin friction may be assumed to
be virtually insensitive to the phase. In effect, figure 28 gives a quantitative measure
of the contributions of the footprints shown in the middle column of visual images
in figure 27. As seen, the variations from phase to phase are in the range 24–30 %
for T+ = 100 and 12–17 % for T+ = 200. As expected, large-scale structures contribute
most to the skin-friction variance when the near-wall streaks are disrupted most
strongly, and this occurs when the shear angle undergoes rapid changes between
the lingering states at which the streaks are allowed to reform. The high large-
scale contribution at T+ = 100, in particular, demonstrates that the dynamics of the
outer structures plays an increasing important role in the processes dictating the skin
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FIGURE 28. Large-scale structures contribution to the total r.m.s. value of the skin-friction
fluctuations: (a) T+ = 200; (b) T+ = 100.
friction when forcing minimizes the near-wall streaks. This is likely to become more
pronounced with rising Reynolds number.
Another feature that the decomposition in figure 27 brings to light is the significant
patchwise alteration of the state of the near-wall streaks, which appears to occur in
harmony with large-scale events. More specifically, it is observed that the outer-layer
structures, characterized by a velocity excess or velocity defect induce a local phase
lag/phase lead in the re-orientation of the small-scale streaks. This process, which
may be described as a form of modulation of the near-wall streaks, is accentuated
by figure 29 for one particular forcing phase, t/T = 0.11, and a wall-normal location
y+ ≈ 10. In this plot, bright regions are associated with locally elevated streamwise
straining due to large-scale structures provoking a positive u′ component. The phase
has been carefully chosen such that the streak orientation established somewhat earlier,
during the previous ‘strain-lingering’ period, is about to ‘flip’ from the direction
identified by the blue arrow to its mirror orientation: see figure 25(a). Thus, this
is a phase at which the strain angle changes rapidly and at which the streaks are
weak and about to enter a period of being reformed at the opposite orientation.
In these circumstances, even minor local changes in the strain are likely to induce
large changes in the structure of the streaks. As seen in figure 29, the streaks in
patches in which the large scales induce elevated streamwise straining undergo an
early regeneration and reorientation in the direction of the strain vector, identified by
the orange arrow. In these patches, the rate of angular change of the strain vector is
decreased, the straining is increased, and the result is a local amplification of newly
forming streaks. This complies with the recent observation by Hutchins et al. (2011),
where the outer-layer, large-scale and high-velocity structures are found to promote
near-wall turbulence. As a consequence, the proportion of the forcing period during
which the streaks are weakened by the rapidly changing strain is decreased, and this
tends to lower the drag-reduction effectiveness. Naturally, this effect becomes more
pronounced with increasing Reynolds number, as observed in DNS for Reτ = 1000
(not included here, except for figure 1), which points to the origin of the lower
drag-reduction margins with increasing Reynolds number.
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FIGURE 29. (Colour online) Streamwise-velocity fluctuations at y+ ∼ 10, illustrating the
effects of outer-layer structures on near-wall streak re-orientation. The presence of large-
scale high-speed structures is emphasized by brighter contrasts. The vectors show the same
quantities as in figure 24, with the addition of the blue vector indicating the orientation angle
of the streaky structures outside the bright interaction patches, as shown in figure 25(a).
12. Summary and concluding remarks
Transverse wall oscillations lead to the formation of a thin, highly sheared Stokes
layer, which is observed to cause a significant reduction in streamwise wall friction.
The effectiveness of this mechanism depends on the Stokes layer penetration depth,
dictated by the oscillation frequency, and hence on the magnitude of the spanwise
shear within the viscous sublayer relative to the streamwise shear. For oscillation
periods close to the optimum, i.e. that resulting in maximum drag reduction, the
Stokes layer is fully confined within the viscous sublayer and does not interact with
the turbulence beyond the buffer region. However, a more meaningful aspect of the
optimum scenario lies primarily in the ratio between the forcing period and the
streak-formation and streak-amplification time scale.
In conditions not far from the optimum, the phase-averaged Stokes motion complies
closely with the periodic laminar solution, reflecting a (unidirectional) decoupling of
the Stokes motion from the streamwise motion and the turbulence (stochastic) field.
However, the Stokes motion has a profound effect on the turbulence field. Thus,
statistically, the spanwise motion at near-optimum period causes a drastic reduction
in the wall-normal and shear stresses, hence the decline in wall-shear stress and the
significant thickening of the viscous sublayer, i.e. the near-wall flow is driven towards
a more laminar state. The effect is cumulative, such that the reduced streamwise strain
at the wall and the depressed turbulence field are virtually not functions of the forcing
phase, despite the periodic Stokes motion. Significant phase fluctuations only arise at
non-optimum actuation periods.
All budgets, except that of the spanwise normal stress, reflect a strong attenuation
of near-wall turbulence activity. In particular, all contributions in the budgets for
the shear stress, the turbulence energy, the streamwise and wall-normal stresses are
materially depressed. The budget for the wall-normal stress suggests that the reduction
in that stress is driven primarily by an attenuation in wall-normal gradients of pressure
fluctuations in the buffer layer, reflecting a suppression of splatting and anti-splatting.
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Associated with this is a reduction in the pressure–velocity interaction process in the
buffer layer and, hence, a substantial drop in turbulent diffusion of the stress from
the buffer region towards the viscous sublayer. However, these processes only reflect
indirect Stokes-motion effects.
The reduction in the wall-normal stress leads to a substantial decline in the
generation of the streamwise stress and the shear stress. This is the primary
cause for a general depression of the near-wall turbulence, and to some degree, a
decorrelation of streamwise and wall-normal fluctuations. Closer examination reveals a
disproportionate depletion of the wall-normal fluctuations, relative to the streamwise
fluctuations, and that the shear-stress reduction occurs preferentially in the Q2
quadrant, corresponding to ejections, which are particularly affected (depressed) by
the forcing.
A direct effect of the Stokes motion is the generation of periodically varying
spanwise turbulence fluctuations and hence a substantial elevation of the spanwise
normal stress, reflecting the action of a strong generation term that is proportional to
the Stokes strain (namely, v′′∂w˜/∂y). This causes an elevation of the contribution of
the spanwise stress as a proportion of the turbulence energy. Coupled with a reduced
streamwise stress, this leads to substantial reduction in anisotropy.
The periodic rise in the spanwise fluctuation, driven by the aforementioned
generation term, involving the Stokes strain, combines with the Stokes motion itself
to cause major distortions to the streaks, thus disrupting the organized wall-normal
motions and the streak structure, eventually inhibiting wall-normal mixing. This
process affects primarily the low-speed streaks, as is observed from especially strong
reductions in the wall-normal fluctuations and the u′′–v′′ cross-correlation in near-wall
regions into which the distorted low-speed streaks are drawn by the Stokes motion.
The Stokes motion is observed to give rise to a distinct periodicity in the wall-
parallel structural state of the streaks. There are three states: in two of these, the
streaks are organized and inclined in either of two well-defined oblique directions
(relatively to the streamwise direction), and in the third they lack any distinct structure.
The two inclined states are associated with parts of the forcing periods in which the
streamwise strain and Stokes strain combine to form a strain vector that is changing
only slowly in time, termed ‘lingering’. When the strain ‘lingers’, the streaks are
allowed a sufficient time to form and grow in the direction of the strain vector. For
this to take effect, the period of lingering must be comparable to the streak-generation
time scale, implied from linear analysis. This time is roughly 50ν/(u2τ ) (see Blesbois
& Chernyshenko 2011), and concurs with the lingering portion of a forcing period at
T+ = 200. When the strain vector changes rapidly, with the spanwise motion changing
sign, the streak organization is severely disrupted and the streaks weaken dramatically.
If this disruptive state can be maintained throughout the entire actuation cycle, as for
T+ = O(102), the near-wall streaks are virtually suppressed and the lowest level of
turbulence skin friction is achieved.
The above process is closely linked to the Stokes strain at y+ ∼ 10, a location at
which v′′∂w˜/∂y reaches its maximum. Despite strong wall-variations of the Stokes
strain, and hence strain-vector orientation, the streak orientation is fairly constant
across the near-wall layer, being dictated by the shear angle at y+ ∼ 10. That is, there
is a pronounced wall-normal coherence in the reoriented streaks, negating the concept
of quasi-streamwise vortices playing a key role in the re-orientation process.
The outer-layer large-scale structures are virtually unaffected by the forcing, but
contribute significantly to the turbulent skin-friction variance: up to ∼30 % in this
study, when the near-wall streaks are almost eliminated at the optimum forcing period.
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The large-scale structures are found to directly affect the near-wall streak behaviour.
In particular, they augment the strain rate in patches in which they induce positive
velocity increments, thus provoking an early reformation of the streaks within phases
in which the streaks would otherwise be weakened by high rates of change in the
strain-rate angle. This is judged to be the source of the reduced effectiveness of the
forcing as the Reynolds number rises and the impact of the outer structures intensifies.
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Appendix A. Governing equations for the phase-averaged fluctuations
Starting from the following triple decomposition
ui = u¯i + u˜i + u′′i︸ ︷︷ ︸
u′i
, (A 1a)
p= p¯+ p˜+ p′′︸ ︷︷ ︸
p′
, (A 1b)
where the tilde denotes the organized (periodic) fluctuations, the double prime
denotes the stochastic fluctuations, and using these in combination with the following
governing equations
∂uk
∂xk
= 0, (A 2a)
∂ui
∂t
+ uk ∂ui
∂xk
=− ∂p
∂xi
+ 1
Re
∂2ui
∂xk∂xk
, (A 2b)
it is straightforward to show, from (A 1a) and (A 2a), that
∂ u¯k
∂xk
= 0, ∂ u˜k
∂xk
= 0, ∂u
′′
k
∂xk
= 0. (A 3)
Equation (A 1) may be inserted into (A 2b), followed by a combination with (A 3), to
yield, after phase-averaging, the result
∂ u˜i
∂t
+ u¯k ∂ u¯i
∂xk
+ u¯k ∂ u˜i
∂xk
+ u˜k ∂ u¯i
∂xk
=− ∂ p¯
∂xi
− ∂ p˜
∂xi
+ 1
Re
[
∂2u¯i
∂xk∂xk
+ ∂
2u˜i
∂xk∂xk
]
− ∂
∂xk
[u˜iu˜k + 〈u′′i u′′k〉], (A 4)
where
〈f 〉 ≡ f¯ + f˜ . (A 5)
Time-averaging (A 4) gives:
u¯k
∂ u¯i
∂xk
=− ∂ p¯
∂xi
+ 1
Re
∂2u¯i
∂xk∂xk
− ∂
∂xk
[u˜iu˜k + u′′i u′′k ]. (A 6)
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Upon subtracting (A 6) from (A 4), the governing equation for the phase fluctuations
becomes
∂ u˜i
∂t
+ u¯k ∂ u˜i
∂xk
+ u˜k ∂ u¯i
∂xk
=− ∂ p˜
∂xi
+ 1
Re
∂2u˜i
∂xk∂xk
+ ∂
∂xk
[u˜iu˜k + u′′i u′′k − u˜iu˜k − 〈u′′i u′′k〉]. (A 7)
For a double-periodic channel flow, v¯, w¯, ∂ u¯i/∂x and ∂ u¯i/∂z are all strictly zero.
In the forced channel, by homogeneity of the forcing in both the streamwise and
spanwise directions, phase-averaged fluctuations are also not functions of either x
or z, i.e. ∂ u˜i/∂x = ∂ u˜i/∂z = 0 or, equivalently, u˜i = u˜i(y, t). Therefore, (A 3) yields
∂v˜/∂y = 0 and thus v˜ = f (t). Since v˜(y = 0, t) = 0 (impermeability at the wall),
f (t)= 0 and
v˜ = 0. (A 8)
Therefore, (A 7), reduces to
∂ u˜
∂t
= 1
Re
∂2u˜
∂y2
+ ∂
∂y
[u′′v′′ − 〈u′′v′′〉], (A 9a)
0=−∂ p˜
∂y
+ ∂
∂y
[v′′v′′ − 〈v′′v′′〉], (A 9b)
∂w˜
∂t
= 1
Re
∂2w˜
∂y2
+ ∂
∂y
[w′′v′′ − 〈w′′v′′〉]. (A 9c)
The two phase-fluctuation components u˜ and w˜ follow a similar governing equation,
composed of two distinct contributions: one which represents laminar diffusion and
the other associated with the modulation of turbulence fluctuations by the forcing. The
laminar part consists of the diffusion of the wall velocity and, therefore, will only
apply to the w˜ component (the wall is stationary in the streamwise direction). The
turbulence modulation can be important as it is responsible for the additional diffusion
of u˜ and w˜. However, this modulation can be relatively small in the present case and
it is interesting to estimate its effect on the laminar solution to determine when it is
negligible.
To estimate the contribution of the phase-modulated turbulent fluctuations, the
following dimensional analysis can be performed. Given the periodic nature of the
problem, the relevant time scale is the forcing period T , while the relevant velocity
scale is the wall velocity Wm. Given the diffusive nature of the problem, the relevant
length scale is the penetration depth δ over half a cycle, i.e. δ ∼ √νT , so that (A 9c)
can be written (in dimensional form)
∂w˜
∂t︸︷︷︸
O
(
Wm
T
)= ν
∂2w˜
∂y2︸ ︷︷ ︸
O
(
Wm
T
)+
∂
∂y
[w′′v′′ − 〈w′′v′′〉]︸ ︷︷ ︸
O
(
εU2bulk√
νT
) , (A 10)
with
ε ∼ w
′′v′′ − 〈w′′v′′〉
U2bulk
, (A 11)
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where ε is a parameter quantifying the magnitude of the phase modulation of the
turbulence.
For the modulation to be considered negligible, the condition Wm/T  εU2bulk/
√
νT
must be satisfied, which, after a few manipulations, can be written
ε W
+
m√
T+
(
Reτ
Rebulk
)2
. (A 12)
For a given channel-flow configuration and a fixed peak wall velocity, Wm, the
constraint on ε varies as 1/
√
T+ and, therefore, the phase fluctuations follow the
laminar solution if T+ is sufficiently small.
Appendix B. Governing equations for the stochastic fluctuations
Subtracting (A 4) from (A 2b) leads to the governing equation for the stochastic
fluctuations:
∂u′′i
∂t
+ u¯k ∂u
′′
i
∂xk
+ u˜k ∂u
′′
i
∂xk
+ u′′k
∂ u¯i
∂xk
+ u′′k
∂ u˜i
∂xk
=−∂p
′′
∂xi
+ 1
Re
∂2u′′i
∂xk∂xk
+ ∂
∂xk
[〈u′′i u′′k〉 − u′′i u′′k] . (B 1)
For the double-periodic channel flow discussed in appendix A, (B 1) reduces to
∂u′′
∂t
+ u¯∂u
′′
∂x
+ u˜∂u
′′
∂x
+ w˜∂u
′′
∂z
+ v′′ ∂ u¯
∂y
+ v′′ ∂ u˜
∂y
=−∂p
′′
∂x
+ 1
Re
[
∂2u′′
∂x2
+ ∂
2u′′
∂y2
+ ∂
2u′′
∂z2
]
− ∂u
′′u′′
∂x
− ∂u
′′w′′
∂z
+ ∂
∂y
[〈u′′v′′〉 − u′′v′′] , (B 2a)
∂v′′
∂t
+ u¯∂v
′′
∂x
+ u˜∂v
′′
∂x
+ w˜∂v
′′
∂z
=−∂p
′′
∂y
+ 1
Re
[
∂2v′′
∂x2
+ ∂
2v′′
∂y2
+ ∂
2v′′
∂z2
]
− ∂v
′′u′′
∂x
− ∂v
′′w′′
∂z
+ ∂
∂y
[〈v′′v′′〉 − v′′v′′] , (B 2b)
∂w′′
∂t
+ u¯∂w
′′
∂x
+ u˜∂w
′′
∂x
+ w˜∂w
′′
∂z
+ v′′ ∂w˜
∂y
=−∂p
′′
∂z
+ 1
Re
[
∂2w′′
∂x2
+ ∂
2w′′
∂y2
+ ∂
2w′′
∂z2
]
− ∂w
′′u′′
∂x
−∂w
′′w′′
∂z
+ ∂
∂y
[〈w′′v′′〉 − w′′v′′] . (B 2c)
If T+ is sufficiently small so that the condition in (A 12) is satisfied, any contribution
from terms in u˜ will be negligible and 〈v′′u′′i 〉 ≈ v′′u′′i . Under such condition, the
stochastic fluctuations follow:
∂u′′
∂t
+ u¯∂u
′′
∂x︸ ︷︷ ︸
(mconv)
+ u′′i
∂u′′
∂xi︸ ︷︷ ︸
(tconv)
+ w˜∂u
′′
∂z︸ ︷︷ ︸
(sconv)
≈− ∂p
′′
∂x︸ ︷︷ ︸
(redi)
+ 1
Re
∂2u′′
∂xi∂xi
+ du
′′v′′
dy︸ ︷︷ ︸
(diff )
−v′′ du¯
dy︸ ︷︷ ︸
(i)
, (B 3a)
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∂v′′
∂t
+ u¯∂v
′′
∂x︸ ︷︷ ︸
(mconv)
+ u′′i
∂v′′
∂xi︸ ︷︷ ︸
(tconv)
+ w˜∂v
′′
∂z︸ ︷︷ ︸
(sconv)
≈−∂p
′′
∂y︸ ︷︷ ︸
(redi)
+ 1
Re
∂2v′′
∂xi∂xi
+ dv
′′v′′
dy︸ ︷︷ ︸
(diff )
, (B 3b)
∂w′′
∂t
+ u¯∂w
′′
∂x︸ ︷︷ ︸
(mconv)
+ u′′i
∂w′′
∂xi︸ ︷︷ ︸
(tconv)
+ w˜∂w
′′
∂z︸ ︷︷ ︸
(sconv)
≈− ∂p
′′
∂z︸ ︷︷ ︸
(redi)
+ 1
Re
∂2w′′
∂xi∂xi
+ dw
′′v′′
dy︸ ︷︷ ︸
(diff )
−v′′ ∂w˜
∂y︸ ︷︷ ︸
(ii)
. (B 3c)
As expected, the stochastic fluctuations are convected by the total velocity field and,
in particular, the Stokes layer (denoted by (sconv)). They are also diffused through
both viscous and turbulent diffusion (englobed by (diff )). The pressure-gradient
terms, (redi), redistribute the fluctuations such that mass conservation is enforced.
Of particular interest are the terms labelled (i) and (ii). The former is associated
with the production of streamwise velocity fluctuations through the interaction of wall-
normal velocity fluctuations with the mean streamwise velocity wall-normal gradient.
The latter term is mathematically similar to the former but involves the production
of spanwise velocity fluctuations through the interaction of wall-normal velocity
fluctuations with the unsteady straining due to the Stokes layer. The role played by (i)
in the generation cycle of near-wall streak is described for example in Chernyshenko
& Baig (2005). The mathematical similarity of (ii) is fundamentally important to the
generation of the new, oblique structures described in this paper.
Appendix C. Reynolds-stress budget derivations for the stochastic fluctuations
Upon multiplying (B 1) by u′′j , then adding the result to itself with the i and j indices
swapped, it is possible to write (after a few manipulations and using (A 3))
∂u′′i u
′′
j
∂t
+ 〈uk〉
∂u′′i u
′′
j
∂xk
+ u′′j u′′k
∂〈ui〉
∂xk
+ u′′i u′′k
∂〈uj〉
∂xk
+ ∂u
′′
i u
′′
j u
′′
k
∂xk
=−u′′i
∂p′′
∂xj
− u′′j
∂p′′
∂xi
+ u′′i
∂〈u′′j u′′k〉
∂xk
+ u′′j
∂〈u′′i u′′k〉
∂xk
+ 1
Re
∂2u′′i u
′′
j
∂xk∂xk
− 2
Re
∂u′′i
∂xk
∂u′′j
∂xk
, (C 1)
which can then be phase-averaged to obtain
∂〈u′′i u′′j 〉
∂t
+ 〈uk〉
∂〈u′′i u′′j 〉
∂xk
+ ∂〈u
′′
i u
′′
j u
′′
k〉
∂xk
=−
〈
u′′i
∂p′′
∂xj
〉
−
〈
u′′j
∂p′′
∂xi
〉
− 〈u′′j u′′k〉
∂〈ui〉
∂xk
− 〈u′′i u′′k〉
∂〈uj〉
∂xk
− 2
Re
〈
∂u′′i
∂xk
∂u′′j
∂xk
〉
+ 1
Re
∂2〈u′′i u′′j 〉
∂xk∂xk
, (C 2)
where we have made use of: (i) the commutativity between the derivative and
averaging operators, i.e. 〈∂f /∂[·]〉 = ∂〈f 〉/∂[·]; (ii) the constant-preserving property of
the averaging operator, i.e. 〈cf 〉 = c〈f 〉, 〈〈f 〉〉 = 〈f 〉; (iii) the definition of the stochastic
fluctuations, i.e. 〈f ′′〉 = 0.
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The phase-averaged equation is then time-averaged to give
u¯k
∂u′′i u′′j
∂xk
+ u˜k ∂〈u
′′
i u
′′
j 〉
∂xk
+ ∂u
′′
i u
′′
j u
′′
k
∂xk
=−u′′i ∂p
′′
∂xj
− u′′j ∂p
′′
∂xi
− u′′j u′′k
∂ u¯i
∂xk
− u′′i u′′k
∂ u¯j
∂xk
−〈u′′j u′′k〉
∂ u˜i
∂xk
− 〈u′′i u′′k〉
∂ u˜j
∂xk
− 2
Re
∂u′′i
∂xk
∂u′′j
∂xk
+ 1
Re
∂2u′′i u′′j
∂xk∂xk
, (C 3)
where we have made use of: (i) the commutativity between the derivative and
averaging operators, i.e. ∂f /∂[·] = ∂ f¯ /∂[·]; (ii) the constant-preserving property of
the averaging operator, i.e. cf = cf¯ , f¯ = f¯ ; (iii) 〈f ′′g′′〉 = f ′′g′′.
Applying (C 3) to the double-periodic channel gives (7.1).
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